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SYLLABUS FOR THE HIGHER SECONDARY 

EXAMINATION. 


Trigonometry : Sexagesimal and circular units of angular 
measurements. Trigonometrical ratios and the simple relations 
connecting them, Relations between Trigonometrical Ratios 
of angles differing by multiples of right angles, addition and 
subtraction formulae. Trigonometrical Ratios of Multiple 
and Sub-multiple angles. General solution of simple Trigono- 
metrical equations, the relations between the sides and the 
angles of a triangle, Logarithms, solution of triangles and 
simple cases of heights and distances, radii of the circumscribed, 
inscribed and escribed circles of triangles, areas of a triangle, 
regular polygon and of a circle, graphs of simple trigonometri- 
cal functions. 


SYLLABUS FOR THE PRE-UNIVERSITY 

EXAMINATION. 

Relation.s between Trigonometrical Ratios ofangles differ- 
ing by multiple of right angles, addition and subtraction 
formulae; Trigonometrical ratios of multiples and sub- 
multiples of angles. General solution of simple Trigonometrical 
equations, the relations between the sides and the angles of a 
triangle. Logarithms, solution of triangles and simple cases of 
height.-! and distances, radii of the circumscribed, inscribed and 
escribed circles of triangles; areas of a triangle, regular polygon 
and circle; graphs of simple trigonometrical functions. 


PREFACF 


The following work is meant to be an elementary text-book 
on Plane Trigonometry, suitable for the Pre-university and 
Higher Secondary Classes of the Jammu and Kashmir Uni- 
versity. An effort has been made to make treatment of the the 
subject lucid and concise. A large number of examples, 
selected from Question Papers of various University 
Examinations, have been solved to illustrate the application 
of formulae. 

The topics of solution of triangles and heights and distances, 
which deal with the mardfold practical applicarion.s of the 
subject, have hern treated at grea'er length. 

Question paj^ers set at the Intermediate Examination ol the 
.1- & K University and the Higher Secondary Examination of 
the Delhi and J. 5: K. Universities have been printed at the end. 

.Acknowledgement is heiehv made to all the authors consul- 
ted in the preparation of the ho>.k. 


K. L. Varma* 


JAMMU, 
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important formulae 

AT A GLANCE 




1 rt. angle=90“, r = 60', r=60". 

1 rt. angie=100% i'^=100', I'^lOO" 

Circumference of a circle (of radius r)= 27 rr 

7r = .y. (nearly). More acf urately 7 J- = ^ J = 3 - ) 4 ) 59 ^^ 

w radjans = 2 rt. angies = 180*^.-200'^. 


No. of radians in an — tIS: _ Tqj. 0 _ l_ *| 

radius [_ ^ J 

angle subtended by an arc at the cciitieof a circle. 


sin © = 


cos $ = 


tan 0 = 


cot 


MP /_ opp. side \ 

OP \ Iiypot. / 

OM /_adj. side \ 

OP V hypot. / 

MP f_ fide \ 

OM \ adj. sid^ / 

OM OP 

, coscc 0 = 


OP_ 
MP ■ 


cosec 0= 

sin 0 

COtdss ^ 

tan $ 


sec 9s= — L _ , 
cos 0 


tarj 0= 


sin t 
cos 6 


cot 0 = 


sin*^H-cos^0 = l. 


cos d 
sin 6 


sec* 8 = 1 -ptan^O. 


coscc®6' = l+cot20. 



(«) INTERMEDIATE plane trigonometry 


I 30 


45* I 


' Iv? VT Iv? v;- V ^ 

IV. sin( — ^)= — sin 0, cos ( — 0) =cos tan ( — i?) = — tan Q 
sin (90® — 0)=cosO | sin (90° 40) — cos ^ 


cos (90®— 0)— sin B I cos (90’ 

tan (90°-fl>==cot I tan (90° 

V. sin (180°— Oj : --sin 0 f sin (180 

cos (180° — = — cos ^ I cos (180 

tan (180'--tJ}-^--tant# 1 tan(18C 

VI. sin (A 4 E)— .'•in A cos B4cos A .sin B. 
cos (A4 B'-=cos A cos B — sin A sin B. 


cos (90’ 1-0)=-— sin 0 
tan (9U°4^0 — — col 6- 
sin (18O°40) — — sin 0. 
cos ( 1 80° 4 0) = — cos B. 
tan ( 180° 4 0 ) — tan 0. 


tan (A 4 B) — 


tan A 4 tan B 


T — 1 \ 

1 — tan A laij B 

sin (A — B) — sin A cos B-cos A sin B. 

cos (A — Bj-'-cos \ cos B-^sin A sin B. 

. / \ n\ A— tan B 

tan (A — B) = -r • 

1 4ian A tan B 

sin (A-rB) sin {A -B; -sin^B. 
cos (A4B) cos(A— B)^ cos2A-sin=B. 


tan(45°4A)-- ) 

1 — tan A 


/4 • V AX 1 ~ tan A 
tan (4 j -A)= . - ^ — - . 

1 + tan A 


tin {A4 B 4 C) — ^ B 4tan C — tan A Ian B tan C 

1 B tan G — tan C tan A — tan A tan B 
\’II. 2 sin A cos B-=8in (A4B)4sin (A— B)...(l) 

2 cos A sin B-^sin (A4 B) — sin (A — BJ...(2) 

2 cos A cos B = eos (A4B)4cos (A — B)...(3) 



Important formulae 


2 sin A sin B=cos (A — B) — cos (A + B)...(4) 

CfD G-D 

sin C-Hsin D — 2 sin - — -cos 

. „ - o C + D C— D 

sin C — sin D=2 cos --^-cos -.y- -...(•*) 

’ G 4 L) C D 

cos C 4- cos D=2cos— cos ^ 

Q_|_ Q Q 

cosC--cosD-2 sin ^ sin ^ -. (4^ 


VIII. sin 2 A =2 sin A cos A. 
cos 2A=cos'^A--sin®A 
-1—2 sin^A. 
-2 cos^A — 1. 


(0 

12 ) 


tan 2A — 

sin 2A = 

sin 3A; 


2 tan A 

2 tan A 
1 +tan'A 

3 sin A — 4 sin^A. 


> cos 2A = 


1 — tan*A 

1 4tan*A 


cos 3A=4 cos® A— 3 cos A. 

- . 3 tan A — tan® A 

tan 3A — 


sin 18'^ = 
. A 


1 — 3 tan® A 

x/5-1 

4 


» cos 36® — 


V541 


sin 


tati 


V 


/ 1 — COS A 


cos 


V 


1 


'2 ^ ^ 1+0 


1 — cos A 
cos A 


sin ^ + cos ^ =± V i+sin A 


Oii) 


-4 cos A 

2 


...( 1 ) 
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sin-g-— cos-2 V I— sin A 


..-( 2 ) 


sin 


and sin 

IX. 


2 

A 


+ COS 2 the same sign as sin 


cos 




XI. 


71 

2 


2 2 

If sin ^=0, then 

If cos ^=0, then (2 h + J ) 

If sin 0=sini, then ^=/i7r+(— l)"a 
If cos 0=cosa, then B=2mT±a 
If tan 0 = tan a, then 0=nw+a 

^ __ b c 

sin A sin B "sirTC 


” S'" (4 — 45"^ 

where n is zero, or 


any integer, posi- 
tive or negative, 
where n is zero, or 
any integer, posi- 
tive or negative. 


X. Sine Formula ; 


etc. 


1 •* g 2 

Cosine Formula : cos A =s °''rC —a 

2bc 

^2_|_^a_2Ac cos A; 

Projection Formula ; a=^b cos C+c oos B; etc. 


Half-angie Fornmla : sin ^ = 

2 


-V 


{s—b) (^c'j 
be 


etc. 


cos 


tan 


, = y 5;^, 

_A_ / s~b) (j-c) 

2 -V ~ 


etc. 


sin ^ V s{s—a) [s^b] s—c) 

Napier's Analogy : tan — =_^JZ£ 

2 6+c 

log,, 1 =0. logua= 1 . 
log.''"‘ = log«"* f loga". 


col 


IMPORTANT FORMULAE 


(V) 


m 


If’ga — loga'?. 

\og„m^=n log^m. 

log,m = log,imx Iog„/>. 

Formula for cluinge of base .- 

log6"l=^ 


iog„h 


XII. Area of a triangle : 

A =\bc sin A=Jrrt sin AaA sin O. 
== V — <?) (j— >(.v- rL 

Circumradius of a triangle : 


R^ - 


a 


2 sin A 2 sin B 2 sin C 
abc 


4A 

Inradius : 

A / . A 

. B . C 

sin 2 sin-^ 

-a — _ 

cos ^ 

Ex-radius opposite angle A / 

tan 

s~a 2 


— a 


B C 
cos^cos-g- 


A 

ros-^- 
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xin. 





d<Q <tan 6, when 0<-" • 



For a small angle sin0==0. 


1 

! 

y$ being the number 
of rations in the 
angle. 


Area of a circle='>T r*. 

Area of a sector of a circle = Jr^O. ^ 0 being the number 
Area of a segment of a circle > of radians in the 

= {0_sin 0). J angle at the centre. 


CHAPTER I 


MeasuremeDt of Angles 




Trignomeierv means ‘measurement of a triangle*. At first it 
was used in ‘solving a triangc’ (that is finding the remaining 
sides and angles of a triangle when some of these are known). 
But now its scope has widened and it is much used in 
surveying anti navigation. There is another brancli of 
Trignomctcry called Spherical Trignometery which finds use 
in Astronomy. 


In Geometery an angle is defined as “the inclimation of 
two straight lines which meet.** * This definition does not 
include angles greater than two right angles. Hence we 
give a new definition. 


Definition. An angle is the amount of revolution made by 
a line revolving about one of its etxremitles, in a plane, from 
one position to another. 

Let a straight line O P revolve about O from the 
position OX to the position OP. Then it traces out the 
angle XOP. 


OX is called the initial line and OP the revolving line. 



If OP revolves in anticlockwise direction (i. e. in a 
direction opposite to the motion of the hands of a watch) 
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PLANE TRIGONOMETRY 


as in fig 1 . the angle is positive and if OP^ revolves in 
clockwise direction as in fig. 2 the angle traced is negative. 
The arrow head indicates the direction in which the line OP 
has revolved. 

3. Anglesofaoy magnitude An angle XOP is measu- 
red by the amount of revolution of the revolving line from its 
initial position OX to its final position OP. Thus if OX is 
the initial line and YOY' perpendicular to it. O being the 

revolving ling OP starting from the initial 
position revolves in the anticlockwise direction and takes the 

different positions OPj, OP*. OP 3 as shown in the figure. 

then the angles traced out are XOPj, XOP„ XOP, 



When it coincides with OY, it has traced zXOY=one rt. L 
When,, „ OX%„ „ zXOY'=2 rt, zs. 

»• *» )• OY', „ „ „ zXOY'=3 rt. zs* 

OX after completing one revolution the 
angle traced out is=4 rt. Zs. 

Angle after two complete rcvolutions =8 rt. Zs, and so on. 

The revolving line OP may turn round to any extent 
and stop anywhere in its course. The angle formed is the 
number of complete revolutions if any, plus the visible zXOP. 


MEASUREMENT OF ANGLES 
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Thus the angle may be positive or negative and of any 
magnitude depending upon direction and the amount of 
revolution. 

Quadrants. The perpendicular lines XOX' and YOY' 
divide the plane into four parts XOY, YOX', X'OY', and 
Y'OX, called the first, second, third and fourth quadrants 
respectively. 


In the first quadrant the angle varies from 0® to 90® 

„ M 2nd „ „ „ „ „ 90° to 180° 

5> 3rd „ ,, „ 180° to 270° 

In the 4th quadrant the angle varies from 270° to 360° 

The angles XOPj and XOP3 in the figure above are said 
to lie in the first and third quadrants respectively. 


Ex. 1. In which quadrant does the revolving line lie 
when it has turned through (/) 500° (//) — 1090° (Hi) 780°. 


( 1 ) Since 500°= 360°+ 140° 
therefore the revolving line start- 
ing from OX will make one 
complete revolution and revolve 
further through an angle of 140°. 
It will thus lie finally in the 
second quadrant. 

f//)— 1090 = -(3x360°+ 10°) 
therefore the revolving line starting 




from OX will make three complete revolution in the negative 
(/. e. the clockwise) dfrection and further move through an 
angle of 10° in the same direction. Thus the revolving 
line will finally lie in the fourth quadrant. 

(///) /80°=720°+ 60°, therefore the revolving line start- 
ing from OX will make two complete revolutions and revolve 
further through an angle of 60° and lie finally in the 1st 
quadrant. 

Ex. 2. By drawing figures, show in which quadrants do 
the following angles lie (/) 790° (//)— 140° (m) — 380°, 

[Ans. ( 1 ) Jst (i7) 3rd (iii) 4th] 
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Ex. 3. In which quadrant does the revolving line lie 
when it has turned through (i) 865® (») 270® 

[Ans- (0 2nd {i7) coincides with OY' {Hi) 3rd.] 

4. Different units for measuring angles. There are three 
systems for measuring angles in Trigonometry. 

(1) The Sexagesimal or the English system. 

(2) The Centesimal or the French system. 

(3) The circular measure system. 

In the Sexagesimal system a right angle is divided and 
sub-divided as foilow's 

1 Right angle=90 degrees (written as 90®) 

1 degree (1®) = 60 minutes (written as 60') 

1 minute (r)=60 seconds (wTitten as 60") 

In the Centesimal system the sub-divisions are ; — 

1 right angle=100 grades (written as 100®) 

I grade =100 minuter (written as 100’) 

1 minute =100 seconds (written as 100*') 

In the circular measure system the unit 
adopted is a radian Radian is defined as 
an angle subtended at the centre of a circle 
by an arc equal in length to the radius of 
the circle. 

( 1 . e. zAOB in the figure) 
where arc AB = radius OA 
This system is used in higer branches 
of Mathematics. 

The number of radians which an angle contains is the 
circular rtjeasure of an angle. 



MEASUREMENT OF ANGLES 
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5. To prove that radian is a constant angle. (K.U.) 

Draw any circle wiih centre O 
and radius r. Cut off an arc AB 
equal in length to the radius. Then 
zAOB = a radian. 

Since arcs of a circle are propor- 
tional to the angles they subtend at 
the centre. 

yAOB ^ arc AB 

* * 4 rt zs circumference 

1 radian r 

i. e, . = o 

4 rt. zs 27rr 

2 

/.one radian = • ^ rt. Zs, which is a constant quantity. 

Hence the radian is a constant angle. 

2 

Cor. 1 radian = " rt. zs 

7T 



TT radians — 2rt. zs=180” = 200^. 

This relation is useful in converting radians into degrees 
or grades and vice versa. 


Ex 


60'’=60X 


TT TT 

180 


radians. 


Note. 0 radians is denoted by O'*. Thus tt' means tt 
radians but it is usual to omit c or radians with tt when 
speaking of an angle ir. In that case the word radian is to be 
supplid mentally. 

Ex. 1. To express the value of a radian in sexagesimal 
measure. (P. U.) 



I radian 


rr radians= 180* 

180" 

TT 


= 180X-2^^ degrees 


17 ' 44-8 


= 57® 17' 45" or 206265" approximately. 
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Ex. 2. If the angles of a triangle are in A. P , the 
least angle being 40'’. Find all the angles in 
radians. 


Let the angles in A P. be (a— {a-\-dy 

.*. (a-d)+a + (af(/)^ 180 “. 
or 3(3=180’’ 
or fl=»60® 


Thus two of the angles arc 40” and 60” and therefore the 
third is 80”. 


The angles in radians are 

. 2n' TT 

* ■ 9 “ * • 3 “ and 


407r 

180 

47r 

9 


GOtt 

180 


and 


80t 

180 


6. To show that the circular measure of an angle sub. 
tended by an are of a circle at the centre is equal to the length 
of the arc divided by the radius. (K U. 1958) 

Let an arc AC of length / sub- 
tend an angle AOC:=0‘' at the centre 
of a circle of radius r. Let arc AB be 
equal to the radius in length then 
ZAOB = one radian. 

Since the arcs of a circle are 
proportional to the angles they sub- 
tend at the centre of the circle, 

. _ arc AC 

zAOB arc AB 

^AOC / / 

“ 1 rad^^y '• '=AOC= - radians 

•••- 4 - 



Hence the circular measure of an angle 
„ length of the arc 
radius of the circle 


MEASUREMENT OK ANGLES 
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Ex. 1. Find the angle subtended at the centre of a circle 
of diameter 6 ft. by an arc, 8 inches in length. 
Express the angle in degrees. 




Here r=3 ft. and /=length of arc=8'=f ft. 

/ 


2 9 

= X=i-di 


ans 


Now V radians— 180° 

I radians= '-^x-|- = 180x X A 

140 

12° 43' 38. 2" nearly 

Ex. 2. Find the diameter of the moon to the nearest 
mile, given that its disc subtends an angle of 30' at the eye of 
an observer at a distance of 240,000 miles. 

Let O be the 
observer and A B 
the diameter of 
the moon. With O 
as centre aud OA 
as radius draw an 
arc AB. Since the 

angle at O is very small, the diameter AB can be taken to be 
nearly equal to arc AB and OM-^OA. 

Thus, here /=diamelcr AB. 

r=240,000 miles. 



44 


0 = 30' — SoX .Vhror radians 


180 


22 

7 x'360 


Diameter of the moon = /=/ 0 — 240,000 x 

44000 . 

= “ -=2095 nules (nearly) 


22 

7x360 
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Exercise 1. 

1 . Give the quadrants in which the revolving line wuiih) 
lie after turning through the angles : — 

(0 775** (ii) 1315=' (Hi) -^-radians 

2. Express the following angles in degrees 

(/) ^ {ii) 2'2 radians (m) 

3. Express in radians the angles 

(0 15“ (ii) 60=' (i7;) 71" 15' (iv) 1I2'’-18' 

4. If the angles of a triangle be in A.P. and one of them 

be 95", find all angles in radians. (P*U.) 

5. If G, D, 6 be the number of grades, degrees and 
radians in any angle, prove that : — 


(0 

D G 20 0 

9 “ 10 ~ TT 

(J. & K. U. 1957) 

(») 

G_D=?-°« 

IT 

(P. U.) 

6. 

Find the number of degree 

in the angle subtended at 


the centre of a circle of radius 10 ft. by an arc of length 20 ft. 

(J. &K. U. ) 

7. Express in radians and degrees the angle subtended 
at the centre of a circle by an arc of length 18 ft , when the 
radius of the circle is 30 ft. 

8. Find the length of the arc which subtends an angle 
of 63" at the centre of a circle of radius 5 ft. 

9. A pendulum 8 ft. long oscillates through an angle of 

9% what is the length of the path its extremity describes 
between the extreme positions ? fj. <6 K. u. 1958) 


MEASUREMENT OF ATGLES 
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10. Assuming that the Earth’s radius is 3960 miles and 
that it subtends an angle of 57' at the centre of the moon» find 
the distance of the moon from the Earth^s centre. {P. U.) 


11 Meerut is 40 miles from Delhi. Find to the nearest 
second the angle subtended at the centre of the earth by the 
are joining these two towns, the earth being regaidcd as a sphere 
of 3960 miles radius. U. 1J5I) 


12. Taking the radius of the earth to be 4000 miles, find 
the difference in the latitudes of two places, 200 miles apart, 
on the same meridian of longitude. 

(Given, ■»r = -V-) 


(J. & K. U. 1954) 



CHAPTER II 
Trigonometric Ratios. 

1. Definition of Trigonometrical ratios. 

Let a revolving line OP, starting from OX describe any 
angle ^ XOP ( = 0) of any magnitude in the anticlockwise 
direction so that OP is in any quadrant. 



Take any point P on OP and draw PMi.XOX'. 

Then, giving MP and OM their proper signs and taking 
OP always positive, the ratio ® 

MP ordinate ,, , 

OP sine of angle 0 and 

written as sin 0; 


trigonometric ratios 


II 


OM abscissa ,, , , . r , 

or ,, IS called the cosice ol antfle 0 

OP Hypotenuse ^ 

and written as cos0; 

MP ordinate . ^ c t a . 

or - IS called the tangent of angle 6 and 

written as tan 0; 

OM abscissa . , 

'^dinaie colagent of angle 0 

and written as cot 0; 

-^^or called the secant of angle 0 and 

written as sec 0; 

OP Hypot. . , 

j^-p Or (jfdinate casecant of angle 0 and 

written as cosec 0; 

The ratios defined above are called trigonometric ratios 
or circular functions of 0. 


The triangle OMP is called the triangle of reference for 
the angle XOP. 

Note 1. in addition to the above six ratios there are two 
more. But these are rarely used. 

(i) 1 —cos 0 is Itnowu as versed sine of 0 or briefly vers 0. 

(/i) I— sin 0 is known as coversed sine of 0 or briefly 

covers 0. 

Note 2. Sin 0 does not mean ji/ixO. it is a symbol 
only and stands for a certain ratio. Sine without 
an angle has no meaning. 

4 

Note 3. The above definitions are also true for angles 
described in the clockwise direction. 

2. The values of trigonometrical ratios are the same for the 
same angles. 

Let the revolving line OP make an angle 0 with the 
initial line OX Take any other point P' on OP or OP 
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produced. Dyaw P'M' and PM J. s to XOX', then from 
similar triangles OMP and OM'P', 



M'P' ^ 
OP' 

c- 1 1 

Similarly Qp' 


MP 

OP 


OM 

OP 



and so on for other ratios. 

Hence the trigonometric ratios depend only upon the 
magnitude of the angle 0 and not on the position of P on the 
line OP. 


3. Relations between trigonometric ratios. 

(<j) The following simple relations follow from deBnitions 
given in art. 1 . 

(1) sin 0 Xcoscc ^ 


/, Coscc $ =-r — i- or sin 0= 

sin 0 coscc 0 



cos 0 X sec 0 = 


OM OP 
OP OM“^' 


/. sec 0= or cos 6= — * „ 

cos U sec 0 


TRIGONOME'I RIC RATIOS 
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tan 0 xcot 0= 


MP ^ 
OM ^ 


o^_ 

MP 


rai 0 - 


MP 

MP _OP sin 6 

OM OM cos 0 

OP 

OM 

OM _OP _cos 0 
MP M^ sin e 

OP 

(h) Sqaare relations. To prove that for aM values of 0, 

(1) sm*O+cos*0=l 

(2) l + tan^O =sec^fl 

(3) l+cot^O =cosec*0 

where sin*d, cos^O, lan*6 stand for (sin 0)% (cos 0)-, 

(tan oy, 

Let the revolving line OP starting from OX, trace out an 
/XOP (=0) of any magnitude i. e lie in any one of the four 
quadrants. (Draw the 4 figs, as in art. 1) 

From any pt, P in OP draw PM_LXOX'. Then in the rt. 
angled aOMP, wc have, 

(0 MP* + OM*=OP2 (A) 

Dividing both sides of (A) by OP®, we get 

or sin*^4-cos*^= I 

(//) Again dividing (A) by OM®i we get 

l,OM>/ \OmJ 

or l+tan*0=sec*^. 


(4) tan 6= 


(5) cot 
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(/i7) Dividing (A) by MP* wc get 

^ \MF J Km^J 

Or, 1-f cot* 0 = cosec*6 

Cor. 1 . sin* 0=1 — cos* $ and cos* 0=1- sin* 0 
Cor. 2. sec* 0~ tan* = 1 and see* 6—1 =lan*6 
Cor. 3. coscc* fl-coi* 0 = 1 and coscc* 0— l=coi* 0 
The eight relations given above arc very important. 

Ex 1 Prove that cos* A— sin* A=2 cos* A— 1 

L H.S. = (cos*A-{-sin*A) {cos*A— sin*A) = cos*A--sin*A 
=cos*A-(I -cos»A) = 2 cos* A— 1=R.H.S. 

Ex. 2. Prove that sin*A-f-tan*A=sec*A — cos*A. 

To prove this is the same as to prove that 
sin*A + cos*A=scc*A— tan*A (transposing terms) 
Now R H S. = I+tan*A-tan*A=I=L.H.S. 

sin 0 1 —cos 0 

sin 0 


Ex. 3. Prove that 


1 +COS 0 

To prove this is the same as to prove that 
sin®0=I — cos*0 (cress multiplying] 

which is obvious from cor. 1 above 

+ COS A 


Ex. 4. Prove that 


V 
Vi 


cos A 


=coscc A + cot A 


cos A_ ^ 


— COS A 

1 -1-cos A 

V i—cos*A 


V 


+ cos A 


-}-cos A 

Ijjf cos A 
sin A 


I 


, cos A 

T ^ ^ — =cosec A+cot A. 


sin A sin A 

Note. Sometimes it is easier to prove by expressing 
T-ratios in terms of sine and cosine as shown below. 
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Ex. 5. 


Ex. 6. 


Prove that 

sec A-htan A 


l—sin A 
cos A 


L.H.S.= 


1 |_ sin A 

cos A cos A 


_cos A 

1 4-sin A 


_ cos A ^ l — sin A 
1 +sin A 1 —sin A 

__ cos A (l—sin A) l_sin A 
cos*A cos A 

Prove that (l+cot A — cosec A) 

(1+tan A + sec A)— 2 


H.S =( 1+ 

\ Sill A ^in A 


Y 1 + ^'" A(--L 'l 

/\ cos A cos A / 


^sin /M-cos A — 1 ^cos A + sin A+ 1 


sin A 


cos A 


_(sin A + cos A)*— I 
sin A cos A 

_sin=AH-cos2A+2 sin A cos A— 1 

sin A cos A 


_ 1 +2 sin A cos A— 1 
sin A cos A 

Exercise 2. 


=2 = R HS. 


Prove the following : — 

1 . (sin 0 + cos 9)^= 1 +2 sin 0 cos 0. 

2. ( 1 "T sin A)( 1 — sin A) =cos® A. 

3. coscc* A — 1 = cos* A cosec* A. 

4. sin* A -fcos^ A =1—2 sin* A cos* A. 

5. Ian 0 sin 0-|-cos ^=sec 0. 

6. tan 0-\ cot O^cosec 0 sec 0. 
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7. 




9. 


10 . 


n. 


12 . 


1 


I 


1 


1 


see A+tan A 
1 


cos A cos A see A-* tan A. 


see A + tan A 
sin*A 


-=scc A — tan A. 


1 — cos A 


= 1 +COS A 


V 


=sec A-tan A (J. & K. U. 1951) 

1 4-sin A 


14. 

15. 

16. 

17. 

18 . 

19. 

20 . 

21. 

22 . 

23. 


sin A 1 +cos_A_ 2 cosec A. 

1 4-COS A sin A 

, A _ ^ ji^A A. 

1 — tanA 1 — colA 

1 1 


13. — 


4- 


= 2 see" A. 


(D.U.) 


1 4-sin A ' 1 — sin A 

(tan 04 -cot ^)* = scc* ^ 4 -cosec* 6. 

sin®* A cos* B4-cos*B sin* B4-sin*A sin®B 

4-cos*A cos*B=1. 

(cosec A- sin A) (see A— cos A)(tan A-j-cot A)= 1. 
tan A4-SCC A - 1 _1 -fsin A 
lan A — sec A4-1 

tan A — see A4- 1 _ 


cos A 


— sin A 


( J. <fi KU. 1959) 
(J. d K.U. 1950) 


tan A 4 - 3 CC A — 1 'V 14-8in A 
sin* A (24-tan*A) — see® A — cos* A. 

(1 - tan 0 )» 4 '(l"Cot 0 )*=(sec 0 - cosec 0 )®. 

(,anO+sccO).=^S''^« + i (J. <1 K.U. 1958) 


tan® 0 


4- 


cot* 0 _ 1— 2 sin *5 cos® $ 


24. - 


14 - tan* 6 ' 14-coi* 0 sin 0 cos6 

(sin .r4-scc;r)*4-(coscc ir-fcos jf)*=(14-sec at coscc x)* 

^ ^ (J. <S K.U. 1957) 

1 — sin A 1 4-sin A 


I - sec A 1 4" see A 


— 2 cot A (cos A— coscc A) 
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.... 1 +COS A 

C“) T ir^os A + cot A)2 (J. & K.u. 1954) 

25. Eliminate 0 from the following equations : — 
x—a cos 0 + 6 sin 6 

y = a sin 0-b cos 0. (P.U. 1950) 

[Hint. Solve the equations simultaneously for sin 0 and 
cos $ and use the relation sin* 0+cos*^=l.] 

26. Eliminate $ from the equations x=a tan 6, y^h sec 0 
[Hint. Find values of tan 6 and sec 0 and use 

1 +tan*0=sec*0] 




4. Signs of Trigonometrical y 

ratios. 

Quadrant I. In this quadrant 
the three lengths OM. MP and OP 
^re positive. Hence the ratios con- ^ 
taining any two lengths arc positive, x 
Thus in the first quadrant all the six- 
T‘ ratios are positive. 

Quadrant II. In this quadrant 
only OM is negative, while OP and P y' P 

MP are both positive. Hence the T-ratios containing MP and 
OP arc positive i e. sin 0 and cosec 0 are positives. All other 
will be negative. 


Quadrant HI. In this quadrant OM and MP are 
negative while OP is positive. Hence the T-ratios containing 
OM and OP are positive i. e. tan 0 and cot 0 alone are positive. 
All others will be negative. 

Quadrant IV. In this quadrant MP is rtegative, wdiile 
OM and OP arc positive. Hence the T-ratios containing 
OM and OP are positive /. e. cos 0 and sec 0 alone are positive 
All others will be negative. 


The above results can be summarised 
into one word all— sin — tan — cos by writing 
its parts fas shown in the figure) in the four 
quadrants in order ; these parts indicate 
which T-ralio (and also its reciprocal) is 
positive for the marked quadrant. 
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5. Limits to the ?alaes of Trigonometric ratios. 

Since OP is either greater than MP or OM or at the 
most equal to them therefore sin 0 and cos 0 are always 
numerically ^ 1 and consequently their reciprocals cosec 0 
and sec 0 are^ 1 numerically. 

But because no restriction can be put on the lengths 

OM and MP, therefore tan 0 and cot 0 can have any values 
whatsoever. 

3ud cos* 0. being squares^ arc positive and 

since sin O+cos*^ 1 /. e. sum of two positive numbers is unity, 

hence each of them is less than unity or at the most eaual to 
unity. ^ 


sin 0 or cos 0 cannot be numerically >1. 

Hence their reciprocals cosec 0 or sec 0 cannot be 
numerically <1. 

Again, because scc*0=l + tan*0 and sec 0 is always > I 
hence tan 0 can have any value. 

Therefore its reciprocal cot 0 can also have any value. 

To express T-ratios of an angle in terms of any one 

of toero. 

Express all the trigaometrical ratios in terms of 
the sine of angle Q. 

First Method. Let the 
revolving line OP, starting 
from OX trace out an 
zXOP=0. Cut off OP=l 
and draw PM _L XOX'. 

Ifsin6=A: (given) - 

then V sin 9^— * 



X 






MP 

i. e, MP=x(v OP=l) 

V A OMP is right angled, therefore OM 


='±VOP*-MP* 

Vl-.t* 
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OM 


V 1 —x' 


Hence cos 6 =^ = \ 

* MP , ^ ^ _ 

OM ^V\ — x^~^V\~sin^e 


— sin* 6 


OM , Vl— . Vl — sin*^ 

cot a=' . = ± :: = i “ 


MP 


X 

1 


. OP , 

sec ff=7^-,= ±~r\ 2 

OM \/l—x^ 


= ± 


sin 6 

1 


■y/ 1 — sin*0 


COSCC0 


OP 

MP 


1 

X 


I 


sin 0 


Note. In this method the ratios are found by construct- 
ing the rt. angled triangle corresponding to the 
given value of sin 0. The fig. is drawn for the 
case when 0 is In the first quadrant but the 
method is general and can be used when the angle 
6 lies in any other quadrant. 

Second Method. We can obtain the above results with 
the help of the formulae proved already. 

*.* sin*0-l-cos*0=l 


/. cos vM - sin*^ 


.‘.tan 0= 


cos 0 Vl — sin*y 


cot 0= 


cos 0 _ , V 1— si n*g 
sin 0 sin 0 


sec 0= 


1 


cos 0 

1 


= ± 


1 


V 1 — sin*0 


cosec 0 = 


sin 0 


Note. In the results the signsd:Occur with rodicals. 
When nothing is said about the magnitude of the 
angle, the sign of the radicals is doubtful hence 
both signs must be taken. But when the magnitude 
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of 6 is known wc can find the proper signs of the 
trigonometric functions and attach it to the radical. 

Rule. Fin, Step. Pu, ,hc given T-ratio=* and pu, down it, 

value in terms of the sides of the AOMP. 

2nd Step. Take the dcnominator= I . then the numera- 

rt. AdA 

UMP taking the signsiwith the cquare root. 

3rd Step. Write down the values of the other T-ratios 
m terms of the sides of the A OMP and 
substitute the value of x. 

2. If sec $ ~p2* ^ in the 3rd quadrant 

find the other circular functions $. 

Here sec 

12 

lint sec ff=°-^jin the fig, X 

Lei OM = - 12 and OP=13 

so that MP=- V OF-OM2=s--c 

o ^ • 

quadrant, MP and OM are 

tan^enTann'^^ functions except 

tangent and cotangent will be negative. ^ 

sin 0=^^ = _^^and coscc 

cos 0=2— =^and sec 0- “ * ^ 

Qp j^andsec 


M -,12 



f o MP 5 
^~OM “ 


12 

5 


1 


Ex. 3. Prove that the equation cos 0=x+- - is impossi 

ble for real values of x. ^ 

1 


Vcos 0=x+ 


X 


'.'x~—x cos 0+1=0 

Now AT is real it the discriminant is positive 


TRIGONOMETRIC RATIOS 


21 


I. €. if cos^0— 4>0 
or co5^^> 4 

which is impossible as cos Q is never greater tlian unity. 
Hence the equation is impossible. 


m 


Ex. 4. If tan A= prove that 


n 


m sin A-j-u cos A 
m sin A—n cos A 


Here 


sin A_ 
cos A 
m sin A 


m 

n 


m 


n cos A 

Now by componendo and dividendo, 
m sin A + n cos A_m’ + n- 
m sin A — n cos A nr—n-' 

Exercise 3. 

What signs will the following have ? 

(/) sin 130'’ (/■/) sec 140^' (Hi) tan 310 


1 . 


(iv)cos ( — 320'’) (v) cot 


n 


2. Express all the circular functions of 6 in terms of 
cos 0» 






7. 

8 . 


Express all circular functions in terms of sec 0. 


IfcosA = 4* and A lies in the fourth quadrant, find 
cot A and coscc A. 


If cosec A= — in and A lies in the third quadrant, 
find the value of sin A+tan A. 


Examine whether the following arc possible : 
(/)sinO=J {ii)cos0—l (m) tan tf=80 


(iv) sin 0= 


a^-b^ 


/ ^ O + 

(V) sec 


Is the equation 3 sin^ + S sin f?— 2=0 possible ? 

Can an angle 0 exist such that 9 sec^ 04*6 tan 0= — 1 ? 
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9. Prove that sin ^=*4-— is not possible for real 

X 

values of x. 

1/^ xr . 1 .1 .fl cos sin ^ 

10. If cot d^-r-, show that ^ . — n~- 5 -rr 5 

b * fl cos 0-\-b sm 9 

11. In which quadrant will 6 lie when 

1 


(/) sin A = 


V6 


and cos A 


=-Vl 


(i7) cot ff= — 3 and sec 0=^ — 

12. Iftan0=- .find the quadrants in which 6 can 

v J 

lie. Find the other Trigonometrical ratios also. 

(P. U. 1945) 

13. If 6 cos-0=], find all trigonometric ratios. 

(P. U. 1947) 

14. If cos A = 2 sin A, find coscc A. (D. U. 1946) 

15. If A be an angle in the second quadrant, and 
sin A=T?g find the value of. 

5 cot A — 4 sec A 

cos A+sin A“ ( J. & K. U. 1954) 

16. IfAisin the 4th quadranr and cos A = i*g, find the 

, - 13 sin A 4- 5 sec A 

value of i~r> 

tan A46 coscc A 

The TrigODometric ratios of some well known angles. 

7. The Trigonometric ratios of 45® or 

4 

Let OP starling from OX trace out an angle XOP=45* 
From any point P in OP draw PMX P 

OX. Then XOPM=45® 

OM=MP=x (say) 

*.• AOMP is rt. Z.d. 

/. OP2=OMHMP*=2*“ 
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or OP = -v/2% (Taking+ve sign as ihe angle is in the 1st 

Quadrant). 


. . sin 45 Qp y/2 


cos 45®* 


OM 


1 


OP V2^ V'2 


MP X , 

tan 45 . = — = 1 

OM X 

sec 45 =/=rr:> ==V ^ 

OM X 

C05CC 



The Trigonometrical 


ratios 30 or 


n 

6 ‘ 


Let us first show that in a rt. /_d A» 
an angle of 30° is half of the hypotenuse. 
Take an equilateral A ABC and draw 
AD±BC. then ABAD= ACAD = 30° 

As ABD and ACD are congruent 
obviously. 

/. BD=*DC = iAB. 

Now we shall find trigonometric 

ratios of 30°. 


the side opposite to 


A 



Let OP, stalling from OX, revolve through an angle of 30 , 
so that AXOP = 30°. 

From any point P in OP 
draw PM±OX. 

Let MP— JC then OP = 2» 



(Proved above) 

and OM= y/0?^-'MP^=V^x^-x^-V^x 
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=2 


(Taking+ve sign as the angle is in the first quadrant) 

"•““■-SF'Tr'T 

tan 30°=!!^-^. =^= ^ 

OM y/Z y/Z 

Similarly cot 30°=-v/3. sec 30=^=^ and cosec 30' 

9. Trigonometrical ratios of tiO' or ^ . 

3 

GO • sJ:!.a?/’xOp!!|o'™'" !" *"«'<= 

From any point] P in OP 
draw PMlOX. 

Let then_OP=^2A: 

and MP= v/OP^-OM^" 

= y/ ^x- — x‘^=y/Zx 

sin 60-^’; 

OP 2jc 2 



OM X 1 

cos 60 =Qp-=-2 ^.=__ 

tan 90 '=*^^^ =^'"?^ = v '3 
OM X 

Similarly cot 60 ^= ^ , see 60 ^ = 2 , cosec 60 '= — 

V y/Z 

10. Before finding the trigonometrical ratios of 0 ° and 90'^ 

the student should clearly grasp the meanings of 'infinitv* 
and ‘zero’. ® ^ 

Def. Infinity is a number larger than any that can be 
named or conceived. The symbol for infinity is oo. 


trigonometric ratios 
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Consider ihe fraction^ . where a has a positive finite 

value. 

Let be given positive values which decrease steadily to 

0, -fQ-, JQQ. Then — ^ takes 

11 1 *^1 !• «■. J ...*** 1) ich increase conti- 

nually and without limit. We express this by saying that the 

limit of when X tends to zero (remaining positive always) 
is infinity and write Lt. ^ oo, or - - 


Similarly, the limit of , when (remaining negative) 


tends to zero, is minus infinity i. e. — x. 

Note. Infinity is not an ordinary number and so an 
equation of the form Ar=cc is meaningless. 

.nH ofzero; (0 absolute nothing 

and (n) an mdenfimtely small quantity. The second con- 
ception IS important and is explained below : 

Def. Zero is a number which is smaller than any assign- 

ne fh """ finite when it is 

neither zero nor infinitely large. Consider the positive fraction 

where o is a positive fixed quantity and takes only 

positive values. Give to x values 10.100,1000 10000 

then the fraction - takes the values ^ 

, . , , 10 ^ 100 ' looo' 

which decrease continually and without limit. So that as a: 

becomes greater and greater and approaches+ oo, — becomes 
smaller and smaller and approaches zero. This is^wriitcn as 

Lt.— - =+0, or — =0. 
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Similarly when x approaches— oo, — 


approaches — 0 



Zero and this is written as Lt. — =0 or — —0. 

— 00 * 

11. The Trigonometrical ratios of 0°, 

Let OP starting from OX 
revolve through a small 
angle 9. 

From any point P in OP 
draw PM_LOX 

When /.XOP=0°, OP coincides with OX, and P with M 
so that OP=OM— jc (say) 
and MP=0. 

„ . MP 0 „ 

Hence sin 0 =— =0 

OP X 



cos O' 


OM 

OP 


-*-=i 

X 


OM X 


OM 


X 


cot =-^=oo 


MP 


0 


OM X 


coscc 0'’= 


OP x 
MP “'0 


= 00 


The values obtained are really the limiting values of the 
ratios when the angle tends to 0° through-|-vc values. The 
T-ratios when the angle tends to zero through negative values 
can be obtained similarly by drawing another figure in which 
op will be below OX. In that case all the T-ratios are same 
except cot ( — 0^) and cosec ( — 0®) each of these being equal 
to-oo. 
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12. The Trigonometrical ratios of90'’ 


Let OP revolve through an Z.XOP 
which is a little less than 90^. From any 
point P in OP draw PMXOX. 

When ^XOP=90°, OP coincides 
with OY and M with O. 

OP=OY=JC (say) 

MP'=OY=x and OM— 0. 


Hence sin 90®= ^ .s- = - = 1 


cos 90®=^-^ = -=0 


Ian 90 = 


MP 

X 

“OP 

X 

OM 

0 

“OP 

X 

MP 

X 

“OM 

0 

, OM 

0 

“MP 

X 

. OP ^ 

X 

“OM 

“0 

> OP _ 

X 

“MP 

X 


— =co 


coi9®=r;;:=- ' =o 


sec 90 '=^. . — -A =oo 


cosec 90®== » , A- = - - = I 



The values obtained arc really the limiting values of the 
T-ratios ol an acute angle when the angle tends to 90® throgh 
acute values. The T-ratios when the angle tends to 90* 
through obtuse vaules can be obtained similarly by drawing 
another figure in which OP will be to the left of OY. In this 
case all the T-ratios arc same except tan (-|-90*) and 
sec (-1-90*). each of these being equal to— oo 

The value of the T-ratios found above can be easily 
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remembered with the help of the following table t — 


Angle 

0° 

30° 

45° 

60° 


Sine 


V 4 

V-4 

4 

V-^ 

Cosine 

4 


V-^ 

Vi- 

1 


Tangent 


\/4-l 

V<&! 

V.-. 

V4l'4 


Ex. 1 . Solve the equation 3 tan 0 + cot 0 — 5 cosec 0. 

Here we have to find the value of 6. The equation can 
be written as 


o sin 0 , cos g _ 1 
cos 6 sin 0 * sin 8 

or 3 sin"0-f cos“^=5 cos 8 
or 3 (I — cos"0) +cos'^=5 cos 0 
or 2 cos®^-f”5 cos 6'—3 = 0, which is quadratsc in cos 0, 

. ...o -5±\/25T^ -5±7 , 

..cose^= ^ = — or-3 

Now cos 8~l gives 0 = 60°, 

but cos 0= — 3 is impossible (as cosine of an angle 

is never> 1 numerically) 

Exercise 4. 

Prove the following : — 

1. Sin 60° cos 30°-cos 60° sin 30°=sin 30° 

2. Sin 45° cos 30°-bcos 45° sin 30°=cos 45° cos 30° 

4-sin 45° sin 30° 

3. scc3 60°-f cot2 45°-i-cos 60°= V- 
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4. tan 60°= ^ 


2 tan 30° 


l-tan2 30 


3v/3 


5. 4 tan 45° — cosec^ 30°+8in® 60°= 

o 

If A = 30°, B=45°, C = 60°, find the values of following : — 

6. sin^A+sin^C 7. cos B sin B— sin-A 

« sec A s( c B ^ 2 tan A ^ 


w# ^ — z ^ — t — — Lean 

cosec B cot A 1 — tan- A 

10. cos A cos B — sin A sin B 
Solve the following equations : — 

11. 2 sin20+5 sin 0—3 = 0 

12. 2 sin^ 0=3 cos 6 

13. cot 0=2 cos 0 

14. cosec^ 0+\/3 cot 0 — 7=0 

15. If sin (A— B)=i and cos (A + B)=J, find the acute 
values of A and B. 

16. If tan (A + B) = v’ 3 and tan (A — B)=I, find acute 
values of A and B. 

17. Prove that (/) sin cos tan-^sec-J^ 

4 b 3 3 y/2. 

{it) cos2AH-cos2B + cos2C+2 cos A cos B cos C= I, 
when A = 30°, B = 60°. and G=90°. 

19. Find the values oi 

/ /\ ^ ^ ‘7T ^ \ 

(t) coscc'-^- cosec f cosec -g-— cosec ^ ) 


— tan C 


(») 


(sin 60°+cos 30°) (sin 30° -j- tan 45°) 
(tan 30°-}' tan 60°^ (sec 60° — coscc 90°) 


0 


CHAPTER III 

Trigonometric Ratios of Allied angles. 

Def. The angles-^, 9O®+0, 180°-f 180**- 0, 

360°+^. 360®— arc called angles allied to B, when B is 

given in degrees. 

1. To show that the T-ratios of angles are the 

same as those of B. 

From the definition of Trigonometric ratios it is clear 
that the final position of the revolving line OP after revolving 
through B or 0+360® or B — 360® is the same. Since the values 
of T-ratios of any angle depend only on the final position of 
the revolving line, therefore the T-ratios of any angle B and 
those of 0+360® are equal. 

In particular, sin (0+36O®}sssin 0=sin (0—360®) 
and cos (0+36O®)c=cos (0—360®) 


P 


X 


✓ 

y 

Note. If we add to 0 or subtract from 0 any multiple of 
360°, even then the final position of the revolving line remains 
unchanged. Therefore theT-ratios of all such angles are equal. 
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and sin + 7r)=‘sin 0=s\n (9~2n tt) where n is any integer 
2 71 means 2 tt radians. 

Similarlo for other T-ratios. 

Cor. (I) sin 360‘’=sin (360^+0°) =sin 0^=0 
(/i) cos 360®=cos (360®H-0")=cos 0**=!. 

2. To find the T-ratios of— 0 in terms of those for S, for 
all values of 6. 

Let the revolving line OP, starting from OX, revolve 
through an /.XOP=0, lying in any of the four quadrants. 

Let another revolving line OP' ( = OP), starting from OX 
revolve in the opposite direction so that /lXOP'= — 0. 



Fig. 3. Fig- 4. 

Draw PM and P'M' J_s to XOY'. 

Then in As OMP add OM'P', 
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OP=OP', ZMOP= ZM 'OP' 

ZOMP=ZOM'P'=l rt. Z. 

-% As arc congruent. Therefore having regard to the 
sings of the lines, we have OM' = OM 

M'P'=— MP 
M'P' -MP 


■ * f /1\ A 


COS ( - 0) = 


OM' OM 
OP' “.OP 


= — sin B 


=ccs B 


^ , .. M'P' -MP 

*"" OM = -OM ^ 

, , OM' OM 

cot (-0)=— p-,=_=_co. 

, „ OP' OP 

sec 


cosec (— 0)=s 


OP' 


OP -OP 


= — coscc B, 


M'P' — MP“ MP 

2. To 6nd the T-ratios of 180“—^ in terms of those of 6 
for all values of B. 

Let the revolving line OP starting from OX, revolve 
through an ZXOP:=0, lying in any quarant. 
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Let another line OP' ( = 0P), starting from OX, first 
revolve through 180® and then revolve back through 6, so that 
/.XOP'=180®— 

Draw PM and P'M' _\_s. to XOX'. 

Then in A* OMP and OM'P', 

OP=OP', ZMOP=/.M'OP', 
A0MP=A0M'P'==1 rt. Z. 


A* arc congruent. Having regard to the signs of the 
lines, wc have 

OM' = -OM, M'P' = MP. 

sin (180 -^)=oF~^OP ^ 


* 

# • 
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Mono m OM' -OM 

cos (180 -0)=_=_^=_cos0 

tan (180 _e)=_ =_^_ = _,a„ e 

cot (180 _8)=_-, _^^=_cot e 

sec (180^-8)=g^,=:^=_scc8 

OP' OP 

cosec (180®— 5) = j^-,p>=j^-p-=cosec 0 

4. To 6nd T-ratios of (18O®+0) in terms of those of 6 , 
for ail values of 6 . 


Lei the revolving line OP, starting from OX, revolve 
through /.XOP=0. 

Let another revolving line OP' (=--tOP). starting from OX. 
revolve through ISC and then revolve further through ^1 so 
that /XOP'=I8O® + 0. 
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Draw PM, P'M' Is to XOX'. 

Then the As OMP and OM'P' are congruent. Therefore 
having regard to the signs of the lines, we have 

OM' = -.OM 


M'P' = — MP 
OP'=OP 

sin (180 + ^) = 


M'P' -MP 


OP' 


cos ( 180 N fl)=§p’ = 

M'P' 

tan (18O” + 0) = g^ = 


cot {100-f-^) = 


OM' 

M'P' 


OP' 

scc( 180 » + «)=^. 

OP' 

coscc (lfl04-gj= 


OP 

— OM 
OP " 
-MP 

-om' 

— OM 
'-MP 

OP 
- OM 

_ OP 
MP 


= — sin B 


-cos B 
MP 


OM 
OM 


= tan B 


MP 
= — sec B 

= — coscc B 


=cot 6 


Rule : The results of the above 4 articles can be briefly 
stated as : — 

When an angle B is added to or subtracted from an even 
multiple of a right angle (/. e. 180°, 360°, etc ) there is no change 
in the form of the trigonometrical ratios. The sign to be attached 
to the Tratios is determined by the rule of ^'All-sin-tan-'cos’' 
depending on the quadrant in which the revolving line will lie for 
the angles 360° + ^, etc.^ regarding B to be acute. 

Cor. 1. (/) sin I80°=sin {180°4'0°) = -sin 0°=0 

((7) cos 180°=cos (180°-f0°)=-cos0°= — 1 

Cor. 2. (/) sin 270°=3in (180°-f90°) = - sin 90°=— 1 

(i7) cos 270°=cos (180°+90°) = -cos 90* = 0 
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5. To and the T-ritios of 90*"— in terms of those of 8 
for all valoes of 8, 



Let a revolving line OP, starting from OX, revolve 
through ^XOP=^, lying in any quadrant. 
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Let another revolving line OP' ( = OP) starting from OX 
revolve through 90® and then revolve back through 9 so that 
AXOP'=90®- 9. 

Draw PM, P'M' Xs to XOX' 

Then in As OMP and OM'P', 


OP=OP', AM0P=M'P'0, 
Z.OMP=AO'M'P'=l rt. A. 


As are congruent. Therefore having regard to the 
signs of the lines we have, 

OM' = MP 

M'P'=OM 

OP' = OP 


M'P' 

A Sin (90®-^) = -^,- 
cos 

.an (90»-«)^ 

CO. (90’-fl) = -^; 

scc(90“-9) = ^ 
cosec (90°— 9)= 


OM 

OP 


- =cos 


6 


MP 

OP 



OM 

MP 


=cot 9 


MP 

OM 


= tan 9 


OP 

MP 


= coscc 9 


OP 

OM 


sec 9. 
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6, To find tbe T-raUos of 90*^+ 6 in terms of those of 6 
for all valoes of B. 



Let the rcvolviug line, starting from OX, revolve through 
^XOP=0, lying in any quadrant. 

Let another revolving line OP' (=OP), starting from OX 
trace out 90^ and then revolve further through 6 . so that 
ZXOP' = 90°+^. 


Draw PM, P'M' ±s to XOX'. 
Then in As OMP and OM'P', 
OP=OP', AMOP-M'P'O 
AOMP=OM'P'=lrt. /. 
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As arc congruent. Therefore, having regard to the 
signs of the lines we have, OM' = — MP 

M'P'=6m 

OP' = OP 


sin (9O‘^+0) = 


cos (90" + ^)-=-^ 

tan 


cot (90'^ + ^) 


sec (90°4 ^)— Qj^j' 

OP' 

COSCC (90^4 0) = *-*4'D' ~ 


MT' 

_ OM 

OP' 

OP 

OM' 

— MP 

OP' 

OP ■ 

M'P' 

OM 

OM' 

-MP 

OM' 

MP 

MP' 

OM 

OP' 

_ OP 

OM' 

-MP ■ 

OP' 

_ OP 

M'P' 

OM“ 


:COS 6 

— sin 9 

— cot 0 
— tan 0 

— cosec 0 


Note. Similarly we can find T-ratios of 270 —0 and 
(2704^) in terms of those of 9. 

The results of Arts, 5, 6 can be briefly stated as : — 

Rule. When an angle 6 is added to or subtracted from an 
odd multiple of a right angle (/. e. 90“, 270® etc.) the T-ratios are 
changed into co-ratios and vice versa (/. e. sine into cosine, 
tangent into cotangent etc) The sign to be attached to the T- 
ratio is given by the rule **All—sin — ian — cos’\ depending on 
the quadrant in which the revolving line lies for angles 00" ±_0, 
27O®40, regarding Q to be acute. 

7. Function of 0. The value of each of sin 0. cos 0, lan 0 
etc depends upon the value of 6 and varies with the change in 
the value of 0; hence sin $y cos 0, tan 0, etc. are called Functions 
of 0 and writtten as / (0) ; while $ is called the variable. 

Periodjc function. If A: is the least positive constant such 
that when 0 is changed to 04 Ar, the value of a function of 0 
remains unchanged, the function is called Periodic and k is 
known as the Period of the function. 
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V sin (fl+27r)=ssin (0+4ir)=^^8in (0+2/i7r) 

and cos 0=cos (^+2iT)=cos«(0+47r) = ...=cos (fl+JiMw) 

/. sin d and cos B are periodic functions of period 2?r« 

Similarlp sec B and cosec 6 {are periodic functions of 
period 27r. 

Also, V tan ff=tan (tf+7T)=tan {B-\-2ir) 

= =tan {^+/I7 t) 

tan 0 and cot 6 are periodic functions of period fr. 

Ex. 1. Find the values of 

(0 cos 480% (ii) tan 540% (Hi) sin (1303% 

(iv) cosec (—960“). 


(I) cos 480“=cos (360°+120%==cos 120“ 

= cos ( 180“- 60% = -cos 60“ = -i 
(n) tan 540“=tan (360+ 180% = tan 180“ 

= tan (180+0% = tan 0“=0 

{Hi) sin 1305“=sio(3x360“+223%=5in 225“ 

= sin (180‘*+45%= —sin 45“= - 

(iv) cosec (—960“) =— cosec 960“ 

= -coscc (2x360“+240“)=-coscc 240“ 

= -cosec{180“+60“)= + cosec 60“=^ 

Ex. 2. In a AABC, show that 

• n '/ Ik , r>\ J*® A + C 

sin B=sin (A+C) and sin-^” =cos — ^ — 

VA+B+G = 7r, B=77— (A+G) 

B=(7r-A%KJ) = sin (A+G) 

,,A+B+G IT _ B TT A + G 

. 2 ^~2 » *•'^“'2 


J_ 

V2 


Also 


% • 


sm 


B 


=3in {-f - 


7T A "1“ 0\ A 4* C 
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Ex. 3. Prove that 

sin 120“ sin 780°+cos 120“ cos 420 -1 

Sol. L H.S. = sin 120° sin 780°+cos 120° cos 420° 

=sin {180°— 60°) sin (2x360° + 60 ) 
+ COS (180°— 60°) cos (360 '-f60°) 
=sin 60° X sin 60°— cos 60° cos 60° 

= sin260°— cos*60° 

_ 3 _ i 
^4 4 

= ' 

2 ' 

Ex. 4, Simplify : 

sin (90'-flj_ tan_(180‘4^e)_ 
sin (90°4 0 ) cos (90° + e) 

sin 080—0) 

"^**001 (360° -0) sin- (—0) 


Sol. 


sin (90°— 0) tan (180°4-0) 
sin (9O°4-0) c65 (9O°+0) 

sin(180°— 0)_ 

cot (360°— 9) sm2 (-0) 

_cos tan 0 | sin I? 

“c^0 — sin 0 -cot 6/ sin*0 




sin 0 
cos 0 


sin 0 


cos 0 


1 


1 


= 1 f 


cos 0 cos 0 
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Exercise 5. 


I. Find the values of cos 225% sin 4620*, tan ( — 585°), 
^ . (P. U.) 


sec 


Prove that : — 


2 . 

3. 

4. 

5. 

6 . 

7. 


Sin 780° sin 120°-Hcos 120° sin 390°= J 
Sin 600° cos 330° + cos 120° sin 150°= — 1. 

Sin (270°+A) cosec (— A)-|-tan (270° + A)=0. 
Sin*36°-sin218°=sin»72°-sin*54°. 

( 4 )='K T ) 

Simplify the following ; — 

cos(90° + ^) sec ( — 0) tan (180°-e) 


Si 


(0 


(«) 


sec (360*— d) sin (180*4-0) cot (90°— 0) 
sin (18O°-0) cos (270°— 0) 


8 . 


sin (180°— 0) cos (270°+ 0) 
Prove that 


cos 0 


sin (9O° + 0) 


1 " • 


sin ( — 0) tan (9O° + 0) ^ 

# • 1 ^ — •J 


sin (18O°+0) 


10 , 


cot 0 

(D. U. 1951) 

9 Prnvc A + tan (18 0 °-A) tan A-sec ( 180°-A) 

sec A — tan (180°— A) tan A+sec (180°— A) 

= 2 + 4 tan* A (J. & K. U. 1954) 

In a A ABC, prove taht (i) sin =cos 

, A . B + G 
(ii) cos -^=sin ^ 

In a A ABC, show that cos A = — cos (B+C) 

In a cyclic quadrilateral prove that (/) sin A=sin C 
and {ii) cos B + cos D=0. (J. & K. U. 1958) 

Find all the values of 0 lying between 0° and 360° for 


11 . 

12 . 

13, 
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which : — 

(/) cos^=-^ (//) sin 0= 

(in) sec 0=2. (iV) cosec 0=\/2. (^’) tan0= — 1. 

14. Define a periodic function. What is the period of 

tan0? (P. U. 1942) 

15. (i) Prove that for all values of 0, tan (•»r + 0) = tan 0. 

(J. ^ K. U. 1957) 

(ii) Prove ,, ,, ,, ,, 0, sin (90^4 0) = cos 0 

(J. & K. U. 1951) 

16. Define the secant of an angle 0. 

Prove laht (0 sec (— 0)=sec 0. (J. & K. U. 1953) 

{ii) sin {n7r-i-0) = (-l)« sin 0. (P.U.193i) 

where n is a positive integer, 

17. By drawing figures in several quadrants, prove that 

(-2- + ^ ^=-cot0 (J. & K. U. 1956) 

18. Prove that tan 0 tan^ ±0^±1=O (J.&K. U. 1957) 


tan 


CHAPTER IV. 


Variatioos of TrigODomelrical ratios and their graphs. 

1. To trace the variations of sin 6 as 6 varies from 0*^ 
to 360®. 


With O as centre draw a circle of unit radius. Through 
O draw the diameters XOX' and YOY' at right angles and 
take OX as the initial line. Let the revolving line OP, equal 
to unitv in length, trace out ^XOP=^, of any magnitude and 
draw PM _LXOX', then 



^P 

OP' 


MP 

1 



Hence variations in sin 6 depend on the variations in the 
values of MP. 

First Quadrant. As $ increases from 0® to 90®, MP is 
positive and increases from 0 

to OY. 

/. sin 0 is positive and 
varies from 0 to 1. 

Second Quadrant. As $ 
increases from 90® to 180®, MP 
is positive and decreases from 

OY to 0. 

sio 0 is positive and 
varies from 1 to 0 

Third Quadrant. As 6 

increases from 180® to 270®, 

MP is negative and in- 
creases in magnitude from 0 to OY . 

/. sio 0 is negative and varies from 0 to— 1. 

Fourth Quadrant. As $ increases from 270® to 360®, MP is 
negative and decreases in magnitude from OY' to 0. 
sio 0 is negative and varies from— 1 to 0. 

Note 1. It follows that' sin 0 is never > 1 numerically 
and can have values between 1 and— 1. 
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It also follows that there arc two angles between 0"* and 
360® which have a given sine. If the given sine is positive, the 
angles lie between 0° and 180®. If the given sine is negative 
the angles lie between 180® and 360®. 

Note. 2 When MP is negative we use the words 'in- 
creases or decreases in magnitude’ for if a negative quantity 
increases in magnitude it decreases algebraically and if it 
decreases in magnitude it increases algebraically. 

2. To 6nd the variations of cos 0 as 0 varies from 0° 
to 360®. 


With O as centre draw a circle of unit radius. Through 


O draw the diameters XOX'^and 
YOY' at right angles and take 
OX as the initial line. Let the 
revolving line OP, equal to unity 
in length, trace out /.XOP = 0 
of any magnitude and draw 
PMXX'OX. then, 


cos 0 = 


=^r'=oM. 


OM ^OM 
OP I 

Hence variations in cos 0 
depend on the variations in the 
value of OM. 



First Quadrant. As 0 increases from 0® to 90®, MO is 
positive and decreases from 1 to 0. 

/. cos 0 is positive and varies from 1 to 0. 

Second Quadrant. As 0 increases from 90® to 180®, OM 
is negative and decreases in magnitude from 0 to OX'. 

cos 0 is negative and varies from 0 to — 1. 

Third Quadrant. As 0 increases from 180® to 270°, OM 
is negative and decreases in magnitude from OX' to 0. 

cos 0 is negative and varies from— 1 to 0. 

Fourth Quadrant. As $ increases from 270° to 360®, OM 
is positive and increases from 0 to OX. 
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cos d is positive aod varies from 0 to 1. 

Note. It follows that cos 6 is never > 1 and can have 
any value between 1 and — 1. 

It also follows that there are two angles lying between 0° 
and 360'^, which have a given cosine, if the given cosine is 
positive one angle lies between 0° and 90° and the other bet> 
ween 270° and 360°. But if the given cosine is negative then 
the two angles lie between 90° and 270°. 

3. To trace the variations of tao 0 as d varies from 0° 
to 360°. 

With O as centre draw a circle of unit radius. 


Through O draw the dia- 
meters XOX' and YOY' at 
right angles to each other and 
take OX as intial line. Let 
the revolving line OP, equal to 
unity in length, trace out 
/.XOP=^ of any magnitude. 
At X draw a tangent to the 
circle and produce OP to meet 
it in T. 


In AXOT, 


tan 0 = 


XT 

OX 


=Y=xt. 



Hence variations in tan 0 depend on the variations in the 
value of XT. 

Remembering that XT is positive when drawn above and 
negative if drawn below OX, we have ; 

First Qoadiant When 0=0°, XT=0. 

As $ increases, XT is positive and increases. When 0=90°, 
OP becomes parallal to XT (i. e. meets XT at cc). as 
0 -> 90 °, XT-> CO. 

/, as 6 increases from 0° to 90°, 

tan is positive and varies from 0 to co . 
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Crossing 90 °. When 0 is a little <90°. XT is positive 
and very large. When 5 is a little >90°, T lies below OX 
and therefore XT is negative and very large. 

A as d crosses 90 °, tan ^ suddenly changes from+oo to 

— CO. 

Second Quadrant. As 0 increases from 90° to 180°, 

XT is negative and decreases in magnitude. 

At 0=180°, XT=0 

tan 0 is negative and varies from — oo to 0, 

Third Quadrant. As 0 increases from 180° to 270°, 

XT is positive and increases, 
when ^=270% OPl|XT. 

tan 0 is positive and varies from 0 to oo. 

Crossing 270°. As 0 passes through 270°, tan 0 suddenly 
changes from-h^o to— oo (as it does in passing through 90°). 

4lh Quadrant. As 6 increases from 270° to 360°, 

XT is negative and decreases in magnitude. 

At 0 = 360% XT=0 

tan 0 is negative and varies from — oo to 0. 

4. To trace the variations of sec 0 as 0 increases from 0° 
to 360°. 

Making use of the fig. of Art. 3, we have 

from A OXT, sec 0=-gT = 

the variations of sec 0 arc the same as those of OT. 

Remembering that OT is positive if drawn along OP and 
negative if drawn along PO produced, we have : — 

First Quadrant. When 0=0, OT=OX=I, 

As 0 increases, OT is positive and increases. 

When 0=90°, OP||XT {i.e. meets XT at oo) 

.*, As 0 increases from 0° to 90°, 

Sec 0 is positive and increases from 1 to oo . 

Crossing 90 °. When 0 is a little <90°, OT is positive and 
very large ; 

When 0 is a little >90°, OT is negative and very large. 
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/. as 0 passes through 90^", sec 0 changes from+oo to 

— 00 . 

Second Quadrant As 0 increases from 90^^ to 180°. 

OT is negative and decreases in magnitude, 

At 0=180% OT=OX=- OP=-l 

.*. Sec 0 is negative and varies from — ee to— 1. 

Third Quadrant As 0 increases from 180° to 270% 

OT is negative and increases in magnitude. 

At 0 = 270°, OT coincidesjwith OY and is 1|XT (/. e. meets 
XT at- CO ) 

Sec 6 is negative and varies from oe to 1. 

Crossing 270°. sec changes from— oo to + co (as it does 
at 0=90°). 

Fourth Quadrant As 6 increases from 270° to 360°, 

OT is positive and decreases. 

At 0 = 360% OT=OX=l 

Sec 0 is positive and varies from oo to 1. 

Note 1. As sec 0 varies from 1 to co and from— co to — 1, 
sec 0 is always > 1 numerically. 

Note 2. We have noticed above that when a T-ratio 
becomes infinite for some value of 0, it changes its sign as the 
angle passes through that value. 

5. To trace the variations of cot ^ as 0 increases from 0^ 
to 360". 

With O as centre 
draw a circle of unit 
radius. Through O 
draw the diameters 
XOX' and YOY' at 
right angles to each 
other and take OX as 
the initial line Let OP 
trace out Z.XOP=0 of 
any magnitude. At Y 
draw a tangent to the 
circle and produce OP 
to meet it in T. 

Now cot 0 = cot XOP 

= cot OTY 
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_ YT _ YT _ 

OY 1 

Hence variations in cot 0 depend on variations in the 
value of YT. 

Remembering that YT is positive when T is to the right of 
OY and negative if T is to the left of OY, we have ; 

First Quadrant. When 6 = 0, OP||YT, YT-=oo. 

As 0 increases, YT is positive and decreases. 

When 0=90% YT=0. 

as 0 increases from 0° to 90°, 

cot B is positive and varies from oo to 0. ^ 

Second Quadrant. As 6 increases from 90 to 180 . 

YT is negative and increases in magnitude, 

At 5=180°. oPllVr and YT=— oo. 
cot B varies from 0 to— co. 

Crossing 180% When 0 is a little <180% YT is negative 
and very large. 

When 5 is a little > 100°, YT is positive and very large, 
as 0 passes through 180% cot 5 changes from- x to 

Third Quadrant, As 0 increases from 180° to 270°, 

YT is positive and decreases. 

At 0 = 270°. YT=0 

cot 0 is positive and varies from co to 0. ^ 

Fourth Quadrant As B increases from 270° to 360°, 

YF is negative and increases in magnitude. 

At 0 = 360°, OPllYT, YT=-co 
.*. cot B is negative and varies from 0 to — co 
Note. Cot 0 can take any value, for it varies from co to 
0 and from 0 to — co. 

6. To trace the variations of cosec 6 as ^ increases 
from 0° to 360 , 

Making use of the fig. in art. 5, we have : 

OT 

Coscc B = coscc XO P = coscc YTO = = OT 
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A the variations of cosec 0 arc the same as those of OT. 
Remembering that OT is positive if drawn along OP and 
negative if drawn along PO produced we have: 

First Quadrant. At 0=0, OT|iYT, /. OT=oo 

As 6 increases, OT is positive and decreases. 

At 0=90% OT=OY=I. 

# 

A as 0 increases from 0° to 90% 

Cosec 0 varies from oo to 1. 

Second Quadrant. As 0 increases from 90“ to 180% 

OT is positive and increases. 

At 5=180% OTIIYT, OT=oo, 

Cosec 0 varies from 1 to oo. 

Crossing 180°. When 0 is a little <180% OT is positive 
and very large; 

When 6 is a little > 180% OT is negative and very large; 

A as 0 passes through 180% cosec 0 changes from+oo to 

— 00 . 

Third Quadrant As 0 increases from 180° to 270% 

OT is negative and decreases in magnitude. 

At 0=270% OT=OY=— I. 

.% Cosec 0 varies from— oo to— 1. 

Fourth Quadrant. As 0 increases from 270* to 360°, 

OT is negative and increases in magnitude. 

At 0=360% OTIIYT, OT=— oo. 

.’. Cosec 0 is negative and varies from— 1 to— oo. 

Note. As coscc 0 varies from co to 1 and from— oo to— 1 
therefore it is always ^ 1 numerically. 
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Graphs. 

7. To draw the graph of sin 0 as 6 changes from 0^ to 360°. 

(/) Put>^=sin0. Tabulating values vve have: — 


e 


H 

1 

■ 


150°, 

1 


iiiliii 



360'‘ 

y 

or 

sin 

$ 

0 

■5 

1 

•87 

1 

1 

1 

\ 

1 

j 

1 87 

•5 

0 

t 

1 

— •3 

1 

1 

1 

CO 

1 

1 

-1 

1 

1 1 

L 1 

1 1 

-•87 

• 

-•5 

1 

1 ! 

0 


(») Draw two lines OX and OY at right angles to 
each other on the graph paper. Let each small 
division along OX represent 10° and each small 
division along OY represent 1. Measure 0 in 
terms of degrees along OX and corresponding 
values of sin $ along OY. 

(m) Plot the points given by the above table and 
draw a smooth curve with a free hand through 
these points as shown below. 
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Cor. Read the value of sin 50® from the graph. Measure 
along OX 50® (=5 small divisions). At the fifth division, draw 
a line _L OX; where this line cuts the graph read that 
ordinate, that will give the value of sin 50®. 


Note. 1. The 3 steps noted above are necessary in all 
the graphs. 


Note. 2. If the graph of sin d is required between 0® and 
— 360®, the table of values can be obtained from the previous 
tabic with the help of the formula sin ( — — sin 0 between 
0® and — 360®. Tims the table will be : — 


0 1 

B 

-di 

-60 

-00 

-120 

-ISO 

-160 

-210 

m 

-270 

B 

1^2 

-560 

sme 

i 

-5 

-«7 

-/ 


—5 

0 

'5 

•67 

/ 

1 

1 

■67 

B 

0 


8. To draw the graph of cos B 0 varies from 0® to 360® 
(i) Put >»=cos 0, Tabulating values we have 


0 

d 

3 ^ 

— 

B 

m 


g 

2/0 

200 

270 

300 

1 

330 

1 

B 

^9 

B 

B 

B 




— «7 

—S 

0 

•5 

•67 

1 

a 
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(//■) Let each small division along OX=10® 

and let „ OY = *l 

{Hi) Plot points given by the above table and draw a 
smooth curve with a free hand through these as shown below. 



Cor. From the graph of cosine 6 find the value of ^ such 
that cos 0=|. 

since *1 = 1 small division, f = *6 = 6 small divisions. 

Measure along OY 6 small divisions, and at the sixth 
division, draw a line J_OY. Where this line meets the graph, 
read the abscissae. These arc values of 0, 

Note. For negative angles the table can be made out 
with the help of the formula cos (~0; = cos 9. 

9 To draw the graph of tan as 0 varies from 0’ to 360^ 
(/) Put>'=tan^. Tabulating values we have ; — 
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e 

B 

30 

6t 

96-¥d 

nth 

1 

1 

ISO 

zto 

tub 

zrd- 6 
zjo-t-d 

s&b 

330 

560 

« 

y or 
tan 6 

0 

•53 

h7 

+ 00 

• 00 

-/•7 

I 

0 

■58 

h? 

^oo" 

00 

■i‘7 

-se 

0 



(») Let each small division along OX=10® 
and let „ „ ,, ,, OY— 1 

(i7i) Plot the points given by the above table and draw 
a smooth curve with a freejhand asjshownfbelow 




rnmmmmmtm 




■■■■■■■■I. 
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B 
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BBB 

BHI 
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BBBBBBBB 

BBBBBriBB 

B 
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B 

BBBBB 
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Cor 1. From the graph of tan 6, find the value of 
tan 20*. 

Cor. 2. From the graph of tan 0, find the angle whose 
tangent is 1*5. 

Note. For •negative angles the table can be made out 
with the help of the formula tan ( — 0)=— tan 0. 

10. To draw the graph of cot ^ as 0 varies from 
0* to 360°. 

(/) Put ^'‘“cot 0. Tabulating values we have : — 



# 

0 

0 

30 

60 

90 

120 

ISO 

X 

mo ^ d 
md-rd 

SIO 

zuo 

270 

500 

350 

J 


y or 
cot $\ 

B 

B 

58 

B 

1 


• 00 ' 

+ « 1 

B 

■56 

B 






(i7) Let one small division along OX= 10° 

and let „ OY= l 

(Hi) Plotting the pts. we get the graph as shown below 






56 


PLANE TRIGONOMETRY 




ir/vn: 




nil 


Ikll 


\U WMiiHailiVUttB' 

I ■■■■■■■■■■«■■■ 


Ikll 


[■r.vHC^isaei'^.Bi 






ni 




nil 

nil 


nil 


nil 




nn\ 


Cor. From the graph of cot B, find the angle whose 

tutanqcnt is 2. 

11. To draw the graph of sec ^ as ^ increases from 

0 to 360 . 

Pul >’•— sec 6. Tabulating values we have : 


GRAPHS 


57 


y cfT 

%ec.9 


6d 

90'- O* 

so' + d 

120 

z 

+ <» : 
- CO 

-z 


36C 


lUiES 

IT« 


I’aBaiHBBH: 




Iky BBBBBBBBBBBBBBB 


ill 


iBVflBBBB 


l■■■■■■■■B■IBB■BBr:■l 


■nnBr^T.BRriBff 

■IMiiiBllliBlfcMBIC 


RTiiBBITt i 

UMBbt^BtfMI 


laaiBBUI 




^[^■BBI 

mmbbbi 


'BBBBI 

'■■■■I 


fil^IiiiiBiiiiBBBBB 


BB^nrBBBBBBBBBBBBBl 
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12. To draw the graph of cosec fl as 0 increases 
from 0® to 360®. 

Put_y=cosec B, Tabulating values wc have 






GRAPHS 
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13. To solve an equation graphically. 

The following procedure should be adopted. 

First Step Put each side of ihe equation equal to y and 
draw the graphs of the two equations, thus obtained, on the 
same scale and with the same axes. 

Second Step Read the abscissa of the point of intersec- 
tion and find its value in degrees according to the scale fixed. 

Ex. 1. Draw the graph ol sin at as x varies from — to 
2tt and solve graphically cosec^ x=l. 

We have to tabulate values between — 180^ and 360*. 

Table of values is : — 

















Plotting the points we have tlie graph as shown below : 


GRAPHS 


Cl 


I 
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solve 


{it) To solve the equation coscc® x— \ is the same as to 
sin* x=l /. e. sin x=±l. 


m Take sin *=I. Put Draw the graph of>«l 

^ with the same axes and scale as for the of 

v=sinx. It will be a straight line parallel to OM at 

a unit distance. At the points of intersection of the 
sine graph with this line draw the perpendiculars to 
X'OX and read the corresponding values o! x in 

degrees. This will be found=90“ or 


iii) Now taking sin — l,and drawing similarly the 
graph of >-=-1, we get a straight line parallel to 
X'OX at a distance of — 1. At the points of intei sec- 


tion we read the values of x to be 



and 


Ztt 

2 • 




I ^ 

Hence x=±-^ 


and 


3jn 

2 


are the solutions. 


Exercise 6. 


1. Trace the variations of sin 0 as 0 varies from— w to w 
and exhibit them by means of a graph. ^^ph to 

read values of sin 35“" and sin 65 . (P- U. 194» S.) 


2. Draw the graph of cos x as x lies between- ir and ir 
and use the graph to solve the equations : — 

A 

(i) cos x=S (ii) cosx= y (P. U.) 


3 Draw the graph of sin x as x varies from — 180® to 
180® and locate on the graph the values of x ^Jich 

sin*x=S. IP* ^ 

[Hint, sin x=±-;^ = ±*7; now read x] 

4. Trace the variations of sin 2x as x varies from 0® to 
180® and draw the graph of^=sin 2x. 



GRAPHS 



[Hint. Trace changes between the intervals 0® to 45®, 

45° to 90“, 

For graph tabulate values for jc = 0% 15°, 30°, 45° 

5. Draw in the same figure the graphs of >'=sin x and 

>•=2 cos X between 0° and 180°. Read the values of x where 
the graphs intersect. (D. U ) 

6. {a) Trace the changes in the sign and magnitude of 

tan A as A increases from 0° to 360°. ( J. K. U. 1949 ) 

• C^) Draw the graph of tan 0 as 0 varies from 0 to 2 ’t. 

Show from the graph the period of tan $. 

7. Draw the graph of >'=5tan x between 0 and 27r and 
locate on the graph the values of x for which, 

(0 3tan^x=l. (/'/') tan A = cot X. ( J c£K. U. 1057 ) 

[Hint. (Ji) tan x^cot X gives tan* 1 i. e. tan x— ± !]• 

8. Draw the graph of sin x-f-cos x from 0® to 180°. 

( J, d K. U. 1950 ) 

9. Draw the graph of sec 5 as 6 vat ies from 0 to 2~. 
Illustrate the formula sec ('tr — 0) = — see© fiom your graj)h. 

( J. & K. V. 1953) 

10. Solve graphically the equation tan x — x between x-=0 

and x= , (Calcutta U- 1945) 

11. Trace the changes in the values of cosec © as © changes 

Irom 0° to IfcO" and illustrate them by means ol a graph. 

(p u. m\) 

12. Determine graphically the roots of the equation 

4 

tan X .-=2 — ^ X which lie between 0 and tt,x bcinjg in radians. 

(P. U- 1934) 
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4 

[Hint. Draw graphs of . 1 = tan and ^=2 — ^ x and 

TT TT T 2^- StT . 

tabulate values for ;f = 0 , g » '3 » "2 ’ 3 ’ 

13. From the graph of tan x and sin x deduce that for 

0 < X < sin JC<A:<tan -t. (P. U 1933) 

14. Solve graphically cos x=;r, when x is measured in 

radians and lies between 0 and 2ir. (P* U. 1938) 

15. Trace the changes in the values of sin 64-\/3 cos Q as 
0 changes from 0 to x. 


CHARTER V 

Simple problems in heights and distances. 

. . . T*^Jgonometry is used in finding the distances and 
heights of inaccessible objects like the sun, the moon, the planets, 
mountain tops, towers or trees by measuring convenient lines 
and angles. Such problems occur in land surveying. The 
angles are measured by instruments such as Theodolite and 

t • 

Here we shall consider only easy problems requiring the 

use of T-raiios of 30®. 

45® and CO*. 

2. Definiiion : — 

Let P be an object on a 
higher level to be 
observed from O and 
let OX be the horizon- ^ 
tal line ihrougli O. To 
oliservc the object P 
from O through a tube, 
it has to be raised 

through an /.XOP. This angle ihrou<»h whirh » i • i ^ 

sh,;'y';L'w.vi:%r„r.t'obicrp''^ or oV 

angle of depression. or'zontai ime. is called the 

Ex. 1. The elevation of the too of a trt^n. c 
o„^ .he ground lr,0 f.. from i< i. 30^ .hTT.eV?:j‘of 

so .ha'r oS= ,ro'r.°^;rrMop='^o" 

From the rt. /_d A OMP 

MP 
OM “ 

or, MP=OM tan 30*=150x — ^ iro Ft h 

■v/3 
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150Z3 


=50Z3 


=50x1*732=86 6 ft. 

Ex. 2. From a point on the level ground the elevation 
of the top of a tower is 45* and on coming 60 ft. nearer the 
tower, the elevation is 60*. Find the height of the tower. 


Let P and Q, be the two places of 
observation and let AB be the height 
of the tower. Let AB=x ft. 



then tan 45® = 
PA=x 

and tan 60® = 


PA 

AB 

AQ. 


= l 


= ^3 


x-60 

. 60V3 _60v'3 (V3 + 1) 

which gives x— j 2 

= 30(3 + V3) = 141*96ft. 

Ex. 3. From the top of a cliff 
h ft. high the angles of depression 
of two ships at sea in a line with 
the foot of the cliff arc a and /ff 
respectively. Show that the distance 
between the ships is /i (cot a- cot p 

(J. & K. U. 1949) 

Let CD be the cliff and A and B the positions of the ships, 

Let DH be the horizontal line through D, then 
ZHDA=a=alt. ZDAC 
and ZHDB=p=alt. /_DhC 

AG 

From A ACD, p^==cot a i. e. AG=/r cot a 

BG 

and from =cot p i. e, BC=/i cot p 



SIMPLE PROBLEMS IN HEIGHTS AND DISTANCES 


67 


soft 



fOff 


• • A® — AC — BC=A (cot a — cot p). 

. ^ ^ tower, the angles of depression 

^ j Iao°P bottom of a building 50 ft. high are 30® 

and 60 respectively Find the height of the tower and its 
distance from the building. 

Let AB be the building and 
CD the tower. 

Draw AEXCD. 

Let CD = x ft. and BD=j» ft. 

From A ACE, tan 30®= 

AE 

. X — 50 1 

>■ ==75 <') 

From A BCD, tan 60®= — 

y 

t.e. x=jy^2 ( 2 ) 

Solving ( 1 ) and (2), ;r=75 ft. and 7 = i3 3 ft. 

5. The angle of elevation of a cloud from a poini 
IW ft. above a lake is 30® and the angle of depression of its 
reflection in the lake is 60% Find the height of the cloud* 

Let O be the observer, and C the c- 

cloud. Draw OL and CMj_s to LM, 
the surface of the lake, then 
OL=100 ft. 

Draw ON X MC, so that 
Z.NOC=30®. 

Produce CM to D, such that 
MD = MC, 

then D is the reflection of the cloud 
(By the law of reflection), 
and NOD=60® 

Let MC=a;, and ON=^ 

Now CN=CM- NM=CM— OL 

100 

and DN = DM + MN=a+100 

From AONC, tan 30®= 




0 

N 


X 

lOJ 1 \ 


tl \ 

M 


A— 100 


ON 


■Jv 
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From AOND, tan 60°= 


ND :t+100 


/. Dividing (1) by (2), 


ON 

x-100 

;c+100 


y 

tan 30° 
tan 60° 


(2) 


1 


V3xV3 

J_ 

3 


1 

f 


which gives x=200 ft. 

Exercise 7. 

1 , The elevation of the top of a tree from a point on the 
ground 50 ft. from it is 45°. Find the height of the tree. 


2. The angle of elevation of a kite above the ground is 
60° and the length of the string is 120 yds. Find the height 
of the kite above the ground. 

3. The angle of elevation of the top of a flag staff, on 
a fort, from a point 200 ft. from the foot of the fort is 30°, 
find the height of the flagstaff. 

4. From the top of a tower 100 ft. high the angles of i 

depression of the top and the bottom of a house arc 30° and 
45°. Find the height of the house and its distance from the 
foot of the hill. | 

5. From the top of a building 20 ft. high the elevation 
of the top of a tower is 60° and the depression of its foot is 30° ; 
find the height and the distance of the tower. 

6. A man, whose eye is 6 ft. above the level of a lake, secs 

the top of a tree at an elevation af 30° and its image in water 
at a depression of 45°. Find the height of the tree above the 
water level. I 

7. The altitude of the top of a chimney is 30°; approach- 

ing 200 ft. towards it, its altitude becomes 45°. Find the 
height of the chimney. (J. & K U. 1951) 

8. The angles of depression of two motor cars standing 
on a road and observed from the top of a tower arc 45° and 
60° respectively. If the cars and the tower are in a vertical 
plane, and the cars 300 ft. apart, find the height of the tower. -*■ 

(J, <i K. U. 1952) i 

I 
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9. The upper part of a tree broken over by wind makes 
30® with the ground and the top touches the ground at a 
distance ol 20 ft. from the foot of the unbroken part. Find 
the original height of the tree. 

10. A telegraph post 50 ft. high is observed from two 
points in horizontal line with the foot of tl.c post and on 
opposite sides of it. The tangents of the angles of elevation 
at these points are J and Find the distance between the 
points. 

11. From a light-house the angles of depression of two 

ships on opposite sides of the light house are observed to be 
30® and 45®. If the height of the light-house be 300 ft., find 
the distance between the ships if the line joining them passes 
through the fool of the light house. (P. U. 1941) 

12. A person standing on the bank of a river observes 

that the angle subtended by a tree on tlie opposite bank is 
60®; when he retires 40 ft. fiom the bank he finds the angle 
to be 30®. Find the height of the tree and brcadtii ol the 
river. (P. U. 1942 S ) 

13. The height of a house subtends riglit angle at an 
opposite window, the lop being 60’ above the horizontal 
straight line. Find the height of the house, the street being 
40 ft. wide. 


14. The angle of elevation of a tower from a point A due 
south of it is X and from a point B due cast ol A is If 
AB = /, show tliat the height of the tower is given by 
{coi-y—cot^x)=l- (P.'U. 1943) 

45. What is the angle of elevation of the sun when the 
length of the shadow of a pole is \/3 limes the height of the 
pole. (A. U. 1946) 


16. If the angle of elevation of a cloud from a point li It. 
above tlic lake be p, and the angle of depression (;f its ret lec- 
tion in the lake a, prove that the height of the cloud 
h sin 

sin (a — p) 


IS 


(D.U.) 


17. The angles of depression of two boats in the Da) 
lake observed in the same direction from the top of 
Shankaracharya hill are 30® and GO® respectively. If the 
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top of the hill be 1200 ft. vertically above the level of the 
lake, find the distance between the boats and the distance 
of the second boat from the observer. ( J & K U. 1952 S) 

18. The angles of elevation of the top of a tower observed 
by two observers standing on a road, on the opposite sides 
of the tower, are 30® and 60® respectively. If the observers 
and tower are in the same vertical plane, and the observers 
arc 500 ft. apart, find the height of the tower. 

ij. &K. U. 1953) 

19. From the top of a tower 100 ft high, the angles of 

depression of two objects due north of the tower arc 60® and 
45°. Find the distance between the objects to the nearest 
foot. (J. &K. U. 1954) 

20. From the top of a cliff, 200 ft. high, the angles of 
depression of the top and bottom of a tower are observed to 
be 30® and 60® respectively, find the height of the tower. 

(J.& K.U. 1960 ) 

21. A person standing on the bank of a river finds that 

the angle of elevation of the top of a cliff on the opposite 
bank is 60®. On going back 100 yds, he finds that the angle of 
elevation is only 30°. Find the height of the cliff and breadth 
of the river. ( J. & K. U. 1956 ) 

22. Two posts of the same height stand on cither side of 
a road 120 ft. wide. At a point in the road between the posts, 
the elevations of the tops of posts of the pillars arc 60® and 30®. 
Find the height of the posts and the position of the point. 

( J. K. U. 1957 ) 

23. The shadow of a tower standing on a level plane is 
found to be 60 feet longer, when the sun’s altitude is 30®, than 
when it is 45®. Prove that the height of the tower is 30 (l-f-VO 

(J. & K. U. 1961) 


CHAPTER VI. 

Trigonometric ratios of sum or difference of angles. 

Addition and Subtraction theorems. 

To prove geometrically that . . „ . 

sin (A+B) = sin A cos B + A’* 

cos (A-i-B) = cos A cos B-sin A sin B , 

tan A+Jan B 
tan (A+B)=j_j^q ^ taoB 

Let a revolving line, stall- 
ing from OX, trace out 
/.XOY^Aand then revive 
further through ^YOZ — B, 
so that /.XOZ=A + B. 

From any point P in the 
final position OZ of the 
revolving line, draw PM and 
PN Xs to OX and OY ; from 
N draw NQ.and NR i.s OX 
and MP respectively. 

Then XRPN = 90“-XPNR 
= XRNO= alt. XNOQ,= Z,A.O 

sin (A + B)=sin XXOZ=SQp — qP 

QN-fRP mr=Q.NJ 
= OP 



ON R_p__Q.n on RP 

^OP ■^'OP “bN‘ OP '*“NP Ol 


= 5 in A cos B4-COS Z.RPN sin B 
=sin A cos B + cos A sin B. 


IV 

Again, cos (A-f B) =cosZ.XOZ Qp 


OM OQ.-MQ. 


OP 


OQ,— rn_oq._RN mq,= rn) 

= OP OP OP 
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OP ON RN NP 
“ON -OP NP*dP 

4 

=cos A cos B— sin Z.RPN sin 
»=»cos A cos B— sin A sin B. 


tan (■A+B} = tan /_XOZ= ^ Q N+ RP 

^ OM OQ-MC)“OQ.-RN 

QN^ RP 
OQ. "*“dQ 

(Dividing Numr. and Dcnr. by OP) 


1 — 


OQ 


tan A + 


RP 


1 — 


Oil 
RN RP 
RP-OQ. 


♦ RP 

tan A-P q^ 

, ■ ; rp 

1- tanA.Q^ 


RP NP 

=tan B 


But from similar As RPN and 

. tan A-Ptan B 


tan (A + B) 


1 — tan A tan B 


or thus : tan (A + B) = - 

cos (A+B) 

_sin A cos B+cos A sin B 
“cos A cos B— sin A sin B 
sin A sin B 

cos A cos B 

j sin A sin B 

cos A cos B 

(Dividing Numr. and Denr. by cos A cos B) 

tan A+tan B 
“ 1 — tan A tan B 


Cor. J, 


(an (45®+ A) = 


1 +tan A 
1 —tan A 
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Cor. 2; 


cot (A + B) = 


cot A. cot B — 1 
cot B + cot A 


[Hint. 


cot (A + B) = 


cos (A + B) 

sin (A + Bf > divide 

[Nnmr. and Denr, by sin A sin B] 


Note. 1. In the above proof angles A, B, A + B are all acute. 

The construction and proof are the same word 
by word for angles of greater magnitudes, due 
attention being paid to the signs of lengtJis 
involved, 


It will be a good exercise for the student to 
draw fig. for the cases wlicri (/) A, B are acute 
])utA+B is obtuse and (//) when A and B arc 
both > 90\ 

Note. 2. Remember that sin, cds. fan aie not multipliers 
and hence it is wrong to say : 
sin (A+B)=sin A + sin B. 

We can prove the above results in the followiiu' wav 
also. ® ' 


Case I. When A, B, A + B arc acute angles, the above 
proof of art. 1 gives the results. 

Case II. When one of the two component angles, sav A 
js obtuse, ^ ‘ ’ 

/.c., A = Ai + 90° where Aj is acute. So that sin A = cos Aj. 
.. sin (A + B)=sj'n (A, + 90^+B) = cos (Aj+B) 

=cos Aj cos B “Sin A, sin B 
= cos (A — 90^) cos B— sin (A-90 ) sin U 
— sin A cos B + cos A sin B 

Also cos (A + B) =cos (Ai + 90"+B}=-sin (A.-l B) 

= — sin A, cos B — cos Aj sin B 

= — sin (A— 90^) cos B — cos (A — 90°) sin B 

=cos A cos B — sin A sin B. 


Similarly, if B is obtuse we can 
by putting B = Bi+90°. 


prove tlie 


above foimuinc 
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In the same way we can prove the formulae when A and 
B both are obtuse. 

Thus the formulae of art. 1 arc true when angles A and 
B he between O'* and 180“. 970® 

, aIVo" +A® cr B=9 o4b:. whem' a” and'^B^l 

between 0 °’’and 180“ and “then the results follow in a manner 

similar to that of case II. . , . , 

Proceeding in this way we can show that the theorems 

are true for all values of A and B. 

Ex 1. Find sin 75% cos 75“ and tan 75% 

sin 75° = Mn (45“4-30“) = sin 45“ cos SO^+cos 45“ sin 30 

1 _V3+1. 

2v/2 

cos 75“=cos ( 45 “+ 30 “)=cos 45“ cos 30“— sin 45“ sin 30 
V2 2" \/2* '"2 2V2 


_J v/3. J 
■v/ 2 ‘ 2 V 2 2 


, tan 45“ + tan 30“ 
tan 73“=tan (45“-f 30 ^ 5 ® tan 30' 


1 


^'^a/3 v' 3+1 (\/3+l)(\/3 +l) 

- .■ — — — ^ 1\ / >Q I t N 


1 — 


V3 


Ex. 2. Show that 


r=v3^-cv^(V3+i) 


=3+_1^_+2^^2 + V3- 

sin{a+^ =,ana+tanl3. 

• r< 


cos ot cos p 

(a+P) _ sin g cos p+cos « sin P 

cos a cos p 

sin « cos ^ I cos a sin P 


cos a cos 0 


cos or cos p 
*=tan a+tan p. 


cos « cos P 
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3 5 

Ex. 3. Given sin A= sinB= » both A and B 


being acute. 
Find (/) sin (A + B), 

(i7) cos (A-f B), 

(Hi) tan (A + B). 

Since A and B are acute, all 
their T-ratios will be positive. 
From As OMP and OM'P', 

4 

cosA=-=- and cos B= 
o 

3 

tan A = — r and tan B = 

4 







sin (A + B) 

= sin A cos B + cos A sin B 
3 12 4 5 _ 56 

5 ‘ 13 5 * 13 ‘65 ' 

cos (A + B) 

= cos A cos B— sin A sin B 
_ 4 12 _ 3 5 _ 33 

5 ’ 13 5 * 13 65 ’ 


tan (A + B) = 


tan A + tan B 
1 —tan A tan B 


'p 



1 J 

4 * 12 


9 + ^ 

12 _ 14 ^ 48 _ 56 

”^8-l5 12 33 33 ‘ 

48 


Ex. 4. Prove that (/) sin (90®+d)=cos 9 

(it) cos (18O°+0) = -cos 9. 

(/) sin (90®+^) = sin 90® cos ^-1-cos 90® sin 0 

= 1 .cos 0+ (0) X sin 0=cos 0. 

(ii) cos (l8O®+0)=cos 180® cos 0-sin 100® sin 0. 

={— 1) cos 0— (0) sin 0, 
cos 0. 
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Ex. 5. If A-rB=~| , prove that (1 + tan A) (l + tan 


B) 

=2 


A + B= - 


TT 


IT 


tan (A + B)=tan — =1 
tan A+ tan B 


or. 


= 1 


2. 


1 — tan A tan B 

Of, tan A-j-tait B=1 — tan A tan B. 

l-l-ian A + tan B + tan .-V tan B=2. 
or, (1 |-tan A), fl +tan B) = 2. 

To prove geonietrically that 

sin (A— B) = 5in A cos B-cos A sin B 
cos (A-B)=cos A cos B+sin A sin B 

lanA-tanB (1. & K. U. 1952 ) 
l-j-taD A tan B 


tan (A — B) = 



l.ct a revolving 
line, starting front OX, 
trace out __XO\=A 
and then revolve back 
through ^YOZ B, so 
that 2X0Z = A— B. 

From any ))oint P 
in the final position 
OZ of the revolving 
line, rlraw PM anrl PN 
Xs OX and OV. From 

N draw NQ, and NR Xs OX and MP respectively. Then 
/_RPN = yO^ — XPNR = ^RNY=corrc3p. XNOQ.=A. 

. MP MR-PR_ Q.N-PR 

Hence sin (A — B)=sm ^XOZ — Qp Qp QP 

_Q.^ 

”OP OP on'op npop 
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= sin A cos cos ^RPN sin U 
=sin A cos B — cos A sin B. 


OM OCl+QM_OQ.-l-NR 

Again, cos (A — B) = cos /.XOl — Qp — Qp qP 


OQ NR OQ ON , _NR NP 
= ^ + OP“ON *OP NP - OP 

-=cos A cos B+sin ^RPN sin B 
=cos A cos B + sin A sin B. 

MP MR-P^_Q.N-PR 

tan (A— BJ— 

ON PR , A PR 

^ tan A x-7 


oa_oQ 

~ 1 + NR - NR 
^ + ^PR 


91L 


PR 

OC) 


tan A — 


PR 

OO 


I +tan A. 


PR_ 

OQ 


tan B 


PR PN 

But Irom similar As OQ,N and RPN, 

tan A — tan B 
1+tan A tan B ' 

Or thus : tan (A-B)= 

sin A cos B — cos A sin B 
“ cos A cos B + sin A sin B 

sin A sin B 
cos A cos B 

“ , . sin A sin B 

1 + A * ~ I» 
cos A cos B 

(Dividing both the Numr. and Denr. by cos A cos B) 

taniA — tan B 
_ — • 

~ 1 4-tan A tan B 
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^ ^ 1 — tan A 

Cor. 1. tan (45 —A) = - 5 -^ r 

' ’ I + lanA 


Cor. 2. 


cot 


.(A-B) = 


cot A cot B4~ 1 
cot B— cot A 


Note : In the above pioof angles A,B»A — B are all acute. 
The construction and proof are .the same, word by word, for 
angles of any magnitude, due attention being paid to the signs 
of lengths involved. 

3. To prove that 

(i) sin (A + B) sin (A— B)=sin*A — sin*B 
((7) cos (Ai Bj cos (A— B)=cos*A — cos®B 

U. 1958 ) 


(/) Sin (A4 B) Sin (A— B)=(sin A cos B + cos A sin B)x 

(Sin A Cos B— Cos A Sin B) 

=sin*A cos®B — cos*A sin^B 


=sin-A (1 — sin^B) (1 — sin*A) sin^B 
= sin*A— sin*A sin*B— sin*Bd-sin®A Sin^B 
— sin*A— sin^B. 


(i7) co.« (A + B) cos (A— B) = (cos A cos B— sin A sin B) X 

(cos A cos B-t-sin A sin B) 

= cos^A cos*B — sin*A sin*B 


= cos®A (1— sin®B) — (1 — cos“A) sin*B 
= cos’A— cos^A sin“B— sin*B + cos®A sin-B 
= cos”A — sin"B. 


Ex. 1 . Find sin 15®, cos 15®, tan 15®. 

sin 15® = sin (45® — 30°) = sin 45“ cos 30®— cos 45® sin 30® 

1 V'3 1 ._V3-1 

"x/2’ 2 'v/2' ^ 2+2 * 

cos 15 ®=co 5 (45®-30®) = cos 45“ cos 30®+sin 45“ sin 30® 

J_. 1_V3+1 

“+2 2 '^+2 2 + 2 '* 

tan 45 ® — tan 30® 
i+tan 45® tan 30® 


tan 15® = tan (45®— 30®) 
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^ V3 V3-1 (\/3-l) (^3-1) 

, r”\/3+l “ (V3+1) r\/3-i) 

■^\/3 


Note t— We can aljo do the above by taking 1 5‘*=60'^— 45® 


Ex. 2. Show that tan 69°+tan 
Since 69®+66® = 135® 


66®+l=tan 69° tan 66° 
(P. U. 1936 S.) 


tan (69°+66°) = tan 135°=tan ( 100°-45°) = — tan 45° 

— 1 . 

tan 69°4-tan 66° . 

*'• r^ian 69° tan 6G°~ 

Cross multiplying, tan 69°4-tan 66°=— I + iati 69° tan G6° 
tan 69°H-tan 66°4-I = ian 69° tan 66° 


Ex. 3, 


Prove th^t (/) 


sin (A + B) tan A + tan B 

sin (A — B)”{an (an B 


(«) 

(Hi) 


cos (A + B)_ 
cos (A — B)" 

tan A±tan 


I — tan A tan B 
i + tati A tctn B 

cos A cos B 


Sol. (/) 


sin (A + B) sin A co s B+cos A sin B 
sin (A — B)~'sin A cos B — cos A sii> B 


sin A sin B 


COS A ' 

cos B 

sin A 

sin B 

cos A 

cos B 


(Dividing the Niinjr. and 
by cos A cos B) 


Denr. 


tan A+tan B 
tan A— tan B 
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(») 


cos (A-t-B ) cos A cos B — sin A sin B 
cos (A — B)”cos A cos B-f-sin A sin B 

sin A sin B 


1 - 


1 + 


cos A cos B ^ 

— : — r — r—T Dividing the Numr. and Dcnr. 
sin A sin A , “ . 


cos A cos B 
I tan A tan B 
I + tan A tan B* 
sin A , sin B 


by cos A cos B) 


(i7/) tanAilanB= 

^ ' cos B cos B 

_sin A c os B^cos A sin B 
cos A. cos B 

__ sin (AiB) 
cos A. cos B) 

Ex. 4 . Show that tan 5A — tan 3A — tan 2A 

— tan 5 A tan 3A tan ^A. 

tan 5A = tan t3A-h2A) 

_ . tan 3A+tan 2 A 

or tan 5A“-r o i 

J — tan 3A laii 2A 

Cross multiplying, 

tan 5A — tan 5A tan 3A tan 2A = tan 3A + tan 2A 
or tan 5A— tan 3A — tan 2A = tan 5A tan 3A tan 2A. 

Exercise 8. 

Prove tliat : — 

1. cos {45°+A)= — ^v>(cos A— sin A) 

V *■ 


2. 


sin (A + B) 


cos A cos B 


= tan A + tan B 


3. sin 165“= 


4. sin 23'^ cos 7^ + cos 23® sin 7° = sin 30 
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5. 

6 . 

7. 

8 . 
9. 

10 . 


11 . 

12 . 

13; 

14i 

15. 


V3 cos 23'’-sm 23®=2 cos 53“ 

sin A+sin (120“+A)-fsin {240“+A)=0 

sin (a— S) . 

^ . - '\ -=cot ft— cot a 
sm a sin p 

sin (6O“-h0)-sin (60“-9) = sin 6 
cos (45“+A)4-sin (A-45“) = 0 

tan;(45“-f A)— tan (45'^-^)=— 

tan 2g + tan ff _sin 30 
tan 20— tan 0 sin 6 

(i) tan 15“+tan 30“+tan 15° tan 30°= 1 
(») tan 75°-lan 30°— tan 75° tan 30°= 1 . 

tan 8A — tan 3A— tan 5A = tan 3A tan 5A tan 8A 

(P. U. 1954) 

cos (A — B)_l + tan A tan B 
cos (A + B) 1—tan A tan B 

sin (A — B) ^ sin (P^C) ^ sin (C — A ) 

' cos A cos B cos B cos C cos C cos A 

| ■^\ sin ( A — B ) ■ sin (B— C) , sin (C— A) _ 

sin A sm B sin B sin C sin C sin A 


(P.U.1948) 

(D.U.1953) 


16. (») It’ cos A = 


1 13 

and cos B= . . .where A and B are 


7 M4«V« . 

l4 

acute, show that A — B=60°. 
(//) If sin A= ®“^5 


(P. U.) 


A+B= 


17. If sin A= 


TT 


4 

60 


(P. U. 1953) 


40 


, cos B=— where A and B arc acute. 


find sin (A-l* B) and cos (A + B). 

18. If tan A=J and tan B=i, show that A+B=45°. 
Prove the following : — 

cos*A cos^B 

20. 1 — cos (A — B) cos (A + B)=sin^A + sin*B 
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21 . 

22 . 

23. 


cos 6 cos ^=cos*-2~ —sin® 


(P. U. 1953) 


24. 

25. 

26. 
27. 


28. 


"(t+ -I-)-.. 

tan 50°=2 tan !0®+tan 40° 

[Hint. 50°=40+10” and tan 40° tan 50° 

= tan 40° cot 40°-^!]. 

(i) tan 65°=2 tan 40°+tan 25° 

(*0 2 tan 50°+tan 20°=tan 70° (J. ^ K. U. 1956) 

IfA-f-B=45°, show that (cot A— I)(cot B— 1)=2 

(P. U.) 

Show that .sin® 75°-sln* 15==sin 60° 

Prove that tan (A J-B) tan {A— ® 

cos*A— sin®B 

cos®B— cos®A 


29. 


30. 


co 3*B— sin*A 

li tan 0= , , Bnd nj^; given and 

tan 0= 

sin (n+I) X cos (« — 1) :r— sin 2x= 
sin (n— 1) X. cos («+ 1) x. 

If ^+^s=a and tan 0=Jl. tan (f>, prove that 
tan {6—t^)= ^™|sin a. 


81. cos 45°4 -sin 75° cos 75°4^sin 45° 

sin 45°— cos 75° sin 75°+cos 45° ^ 

32. Prove that : — 

sin 17° 26' cos 12° 34' + sin 72° 34' sin 12° 34'= J. 

(J. & K. U. 1955) 
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4. Trigonometrical functions of (A+B+C). 

To expand (/) sin (A+B + C) 

(ii) cos (A+B+C) 

(Hi) tan (A f B+C) 

in terms of T-ratios of A,B,C. 

(/) sin (A + B4C) = sin (A + B+C) 

=sin (A + B) cos C + cos (A+B) sin C 
= (sin A cos B +cos A sin B) cos C 
+ (cos A cos B— sin A sin B) sin C 
= sin A cos B cos C+sin B cos C cos A 

+ sin C c os A cos B — sin A sin B sin C 

(n) cos (A + B+C)=cos (A + B+C) 

s^cos (A + B) cos C— sin (A + B) sin C 
= (cos A cos B — sin A sin B) cos C 

— (sin A cos B + cos A sin B) sin C 

=cos A cos B cos C— cos A sin B sin C 

— cos B sin C sin A— cos C sin A sin B 


(Hi) tan (A4B + C) = tan (A + B4C) = 


tan A 4tan B 
1 — tan A tanhB 


tan (A4B) + tan G 
1 — tan{A+B) tan G 


+ tan C 


, tan A + ian B 

* — 1 A T^tan L 

l-tanA tan B 


^ tan A + tan B+tan C— tan A lan B tan C 
1 —tan A tan B — tan B tan C— tan G tan A ' 

Ex. 1. IfA + B + C = 7r, prove that tan A + tan B + tan C 

= lan A tan B tan C (J. & FC. U. 1950) 

(P. U. 1951) 

1st Method. V AH-B+C=7r 

tan (A + B + C) = tan 77=0 


tan A + tan B+ tan G — tan A tan B tan C 
* 1 — tan A tan B — tan B tan C — tan C tan A 

or, tan A+tan B+tan C — tan A tan B tan G=0 
or, tan A + tan B + tan C— tan A tan B tan C 
Second Method, v A+B+G=77 

.% A^ B=7r— C 
A tan (A + B) = tan (77— C) 
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tan A + t an B 
1 — tan A tan B 


= —tan C 


or tan A-ftan B= — tan C+tan A tan B tan C 
or tan A+tan B+tan C==tan A tan B tan C. 

5. To express a cos d-\-b sin 6 as (/) a single sine 

or (/{) a single cosine 

(/) Put r sin a"! ^ determined 

o—r cos aj 

Squaring and adding r*=fl*+6* /. e. r= V o*4 

Dividing, tan a— e. a=tan“* ^ 

Now, a cos 0-\-h sin 0 = r sin a cos 0 + r cos a sin 6 

= r (sin a cos 0+cos a sin B) 

= r sin (a + ^) =r sin (0 + a) 


= V a® + 62 sin ^0+tan ^ 


(//) Put a = r cos a 
b~r sin a 


as above, r= Vo- +6* and tan cr= — 

a 

Now, a cos B-\-b sin 6==r (cos a cos 6+sin a sin B) 

=r cos {B — a) 


= V + 6" cos - tan“^ 


Note. It is customary to write tan a=-g- or 

in cases (i) and (//) above, but that does not 
always give the correct value of a. The correct 
value ol'ais that which satisfies both the equa- 
tions, in each of the above cases, simultaneously. 
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Express cos (A — B-rC) in terms of sines and 

of A, B, C. 

2. If A + B-|-G= 180°, sliow that : — 

(/■) cos A cos B cos C=cos A sin B sin C 

H-cos B sin C sin A-f-cos C sin A sin B 1 

(») cot A cot B+cot B cot C + cot C cot A=1 

3. If A + B4-G = -~-, show that 


cosines 

(P. U.) 


tan A tan B + tan B tan G + tan C tan A=1 

(J. &. K. U. 1957) 

4. ExpressV3 cos ^+sin 0 in terms of the cosine of a 
single angle and hence find its greatest value. (P. U. 1950) 

5. Express (/) y"3 sin 0 + cos (? and {/'/) sin O-fcos 6 in 

terms of the sine of a single angle. 

6. Double Angles. 

(0 sin 2A=sin (A + A)=sin A cos A + cos A sin A 

= 2 sin A cos A (Form I) 

_2 sin A cos A _2 sin A cos A 
i cos^A + sin-A 

2 sin A co s A 

= A~ ^ 2 ta^ A. 

cos^A + sin^A ~i + tan^A 


cos=^A 

(/V) cos 2A = cos (A+A)=cos A cos A-sin A sin A 

= cos2A-sin^A (Form I) 

= 1— sin^A— sin-A 
= 1 2 sin^A. (Form II) 

Also cos 2A=cos2A-sin2A=cos-A— (1— cos=^A) 

=2 cos^ A — 1 (Form III) 


Again cos 2 A = -55?!A^n^A^cos^A-ji^ 

1 COS-A-4-sin2A 
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cos*A— sin*A 

cos-A 1 — tan^A 

~ cos^A+sin^A 1 +tan®A 
cos^A 

(Form IV 

Cor. Forms II and III give two very useful results 

(o) 1 — cos 2A=2 sin^A. 

(6) 1+cos 2A=2 cos®A, 



tan 2A — tan (A+A) = 


tan A-|-tan A 2 tan A 
i — tanA tan A~ 1— tan*A 


Or thus We can prove the above results geometrically 
also by changing B into A in the proof of Art 1. 

7. TrigoDomctric ratios of 3 A. 

sin SA^sin {A-|-2A) = s:n A cos 2A+cos A sin 2A 
srsin A. (I — 2 sin- A)+cos A. 2 sin A cos A 
(Putting values of sin 2A, cos 2A from Art. 6 ) 

= sin A — 2 sin^A+2 sinA (1 — sin®A) 

— 3 sin A — 4 sin^A. 

cos 3A=cos(A + 2A)=cos A cos 2A— sin A sin 2A 

— cos A (2 cos-A— 1) — sin A. 2 sin A cos A 
(Putting values of sin 2A and cos 2A) 

— 2 cos^A — cos A — 2 cos A (1 — cos^A) 

= 4 cos^A — 3 cos A 

_ . . tan A+tan 2A 
tan 3A = tan (A + 2A)= , 3 ,^^ ^ — 2 ^ 


tan A4- 


2 tan A 
1 — tan-A 


1 — tan A. 


2 tan A 
1 — tan-A 


tan A— tan*A+2 tan A 
I — tan^A — 2 tan*A 


3 tan A— tan^A 
1-3 tan=A 
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Ex. 1 


Ex. 2 . 

Ex 3. 

Ex. 4 

L. 


Prove tant ■ = ^ ,n\ 

1— sin 20 4 

I 4 _ _ 2 tan 0 

L. H. S.= T+tan ^^ 1 4^tan'0+2 tan 0 

2 tan 0 I + taV0-2 ta^O 


1 - _ 


1 -Ftan'0 

^(Ijftan 0)2^ /I + tan 0 y 
(1— tan 0)2 1-ian 0 ) 


R. H.S.=. ^ 


•“'> ” +ianfl J 


( ‘an -tan fl) 
. . L, H, S.=xR. H S. 


1+tan 0 \ 

' V I-ta70V 


R. H. S. = v''2 h \/2 


Show .hat cosec 2A-cot 2A==ian A. (D. U. 1938) 

L. H. S,= ' _ cos 22\ ^I— cos22\ 

sin 2A sin 2A sin 2A 

_I-(1-2 sin^A)^ 2 sin2A 
2 sin \ cos A 2 sin A cos A 

Prove .ha. 2 cos «=v'2+72 + 2cos 

(P. U. 1936) 

V2-\-2 (2cos220- 1) 

^4 cos220— 2 

= V2+2 cos 20= \/2V2T2‘cos-’0-i; 
v/2 + 4 COS20-2 =: 2 cos 0. 

Prove .ha. 

H. = cos'0-3 cos 0 

cos 0 - sin 0 ’ 

^4 (cos30— 8 in 2 i »_3 (cos 0-cos 0) 

cos 0 — sin 0 

^ (cos^si.^[^(co.sr(H-sm=fl + cos 0 sin 0 )- 3 ] 

cos 0— sin 0 “ 
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=4(l-f*sm d cos tf)— 3 
= 1+4 sin 6 cos 6‘=l+2'2 sin 0 cos 6 
= 1 f2 sin 2 0 

Ex. 5. Prove that sin A sin (60® — A) sin (60° +A) 

=1 sin 3 A 

L. H. S.=sin A (sin* 60° -sin* A) 

=sin A sin* A) 

. /3— 4 sha* AN 3 sin A — 4 sin* A 

=sm A ^ )= 5 

sin 3 A 1 ■ « * 

= — * — =-i-sm 3 A. 

4 4 

Exercise 10 

1. If sin A = + Hncl cos 2 A. 

2. If cos A=|, find cos2A and sin 2A (A being acute). 
3« Evaluate sin 2A and cos 2A if sin A = || 

(A being acute). 

4. Find the values of sin 2A, cos 2A and tan 2A when 
tan A= 

5. Find the values of sin 3A and cos 3A when sin A=f 

(A Seing acute) 


Prove that : — 


1— cos 2 A „ . 


(«) 


=‘- A (» 

/ • \ COS 2^^ A / 1 CO i3\ 

("’) r-sin-2r = ^°‘ 

8. (i) cot A — tan A = 2 cot 2A. 

(i7) cot A+tan A = 2 cosec 2 A 

cot A — tan A 


sin 2A 
1— cos 2 A 


=cot A 


(P. U. 1943 S) 
(C. U.) 


cot A + tan A 


= cos 2 A 


9. 


(C. U.) 
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10 . 

11 . 

12 . 

13. 

14. 


1 — co^0+ ^20 ^ Q 

I +COS 26-l-sin 20 
cosec 2A=tan A + cot 2A 
sec (45®— A) sec (45®+A) 
cos a cos (60®+a) cos (60 

sin 3A cos 3A 


(C. U.) 
(P.U. 1954) 
2sec2A (P.U. 1941) 
a) = J cos 3a. 


sin A cos A 


=2 


15. =tan 2A 


16. 


17 . 


18. 


sin 3A — sin A 

(0 tan A tan (120^ 4- A) tan (120®-A) = ian 3A 
(n) tan A+(tan 60'4-A)+lan (120° + A)=3 tan 3A 
(0 sin 4A = 4 sin A cos=* A— 4 cos A sin=* A 
(ii) cos 4A = l-8 cos2 cos* A 

[Hint. Put 4A=2.2 A] 

2 cos 2A+ 1 
2 cos 2 A — I 


== tan (60" + A) tan (60®— A) 


(J. & K U. 1933) 


19. - 


l-tan^ ^ + A^ 


l+tan2(^ ” +A^ 
1 — tan B tan 20 


= — sin 2A 


H-ianOtan20 


= 1 —4 sin-t^ 


(J. & K. U. 1949) 


21 . 


1 4-sin 20 
1 — sin 20 


= tan-‘r 




22. If tan 0= 


tan 

b 

a 


+ 0 


) 


4 • - y (D. U. 1948) 

.find the value of a cos 2$-\-h sin 20 


(C. U. 1938) 


tanje-H^30 ^ cos 20 cos 4/? 
tan tan 30 


23 . 
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24. 


1-tan^ I+tan^ 


=tan 2 $ 


25. (ccsA-cos BJ2-j-(sin A-sin B)2=4sin2 


26. If a sin A~b cos A, prove that 

a+b ^ a—b ^ 

8. Trigouometric ratios of 18° and 72®. (k 
Let 18° =.0, 

50=90° 

or 2^=90°— 30 

sin 20=sin (90°-3fl)=co5 30 

2 sin 0 cos 0 = 4 cos30-3 cos 0 

Dividing out by cos B (which is not zero), we have 
2 sin 0s=4 COS-0 3 

— 4 (1 — 510-0) — 3 
i- e. 4 sin'64-2 sin 0—1=0 

sin 0=‘z:?±.'^^i?=^i±v^ 

8 4 

As 0=18° is an acute angle, sin 0 must be positive. 
Hence sin 18°= 

4 


(K. U. 1955). 


Cor. 1. cos I8°=VI^^=T8 


V 


_ I \ 8 


_ \/lO+2V5 

. 4 


obtained!"’'*" remaining T-ratios can be 

Cor. 2. sin 72°=sin (90°— 18°)=cos I8°=:^il£±2^ 

4 


TRIGONOMETRIC RATIOS OF SUM & DIFF. OF ANGLES 91 


Cor. 3. cos 72® = cos 


(90^-18°) = sin 



V^—J 

4 


9. Trigooometric ratios of 36° and 54°. 

Put 0=36° 

/. 50=180° 

20=18O°-3O 

sin 2^=sin (180°-3e)=sin 30 
or 2 sin 0 cos 0=3 sin ^ — 4 sin®0 
Dividing out by sin 0 (which is not zero), we get 
2 cos0 = 3 — 4 sin*6 

= 3-4 (I-COS20; 

or 4 cos^tf — 2 COS 0 — 1=0 

. _ 2±v'iTi6^\±Vo 

» • COS y - g ^ • 


But 0=36° is an acute angle, hence cos 0 must be 
positive. 


COS 36°= 


V5+1 


Orthus: co 3 36°=l-2sinn8°=l-2 

= V5-H. 

4 

Cor. 1. sin 36°=V1 -cos^36°= 

_ V'Io"-2\/3 


From sin 36° and cos 36° the remaining T-ralios can be 

obtained. 

Cor. 2. sin 54° = sin (90°— 36°)=co3 36°= 


Cor . 3. cos 54” = cos (90” - 36*) = s.n 3G- = 


4 
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Exercise 11 

1. Find thc-values of (/) Sec 36% (ii) coscc 10“ (P. U.) 
Prove that ; — 

2. cos 36“ cos 72“ cos 108° cos 144°= i*« 

3. cos 36°— sin I8°=i 

4. sin 162° + sin 30°=cos 36° 

c • TT . 2w StT . 477 

D. Sin sin — ^ sin — sin — =— =itx 
5 5 5 5 


5 


5 


CHAPTER VII 
Submultiple angles 


1. To find the T-ratios of A in terms of T-ratios of A/ 2 . 
We know that — 


(0 sin 2A=2 sin A cos A 
(/7) (a) cos 2A=cos- A— sin^ A 
(i) cos 2A— I —2 sin® A 
(c) cos 2A = 2 cos^ A — 1 


* 2 tan A 

f/i/) tan 2 A = , "-t-k 

' 1 —tan® A 

/• \ • o A 2 tan A , . oa 1— tan® A 

«.) = (V) cos 2A=, 

In the above, changing A to-^ (and hence 2A to A), we gee 

(/) sin A =2 sin ^ cos A/2 

(n) {a) cos A=cos®“— sin® A/2 

(6) cos A= I — 2 sin® A/2 
(c) cosA=2 cos®-^ — 1 


(Hi) tan A = 


2 tan A/g 


I — tan® A/j 


1 — ta n® A/.j 
1 4* tan® A/o 


/* \ * A 2 tan ^ . . 

(,.) sm (w) cos A=- 

Note The student is advised to deduce the formula (/v) 
' and (i') independently as in Article 6. of 
Chapter (vi). 
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Exercise 12. 


Prove that : — 


1 /-v ‘A 2 tan A/o .... . 1— tan^A/o 

1 . (i) sm A=-r-. r A , (lO cos A= : 3-z^ 

' l-f-ta!i*A* ^ ^ 14*tan*A/, 


(0 

1 — cos A 

sin A 


/ TT A \ 

tan 1 

(4 2 ) 

tan 1 

(7-4) 

cosec A 4- 2 coscc 


(J. &K. U. 1961) 
1 -I- cos A 


sin A 


=:COt A A 


(P. u.) 


(P. UO 

2A=sec A cot A/* 

(J. & K. U. 1952) 

A A 

6. 1-f tan A tan ^ —tan A cot — g 1 =sec A 

(J. &. K. U. 1961) 

A A A 

2. To express sin ^ > cos 2 “ terms of cos A. 

A 

We know that, cos A = 1—2 sin* 

Transposing, 2 sin* ^ =1— cosA 


sm-. 




— cos A 


...( 1 ) 


Again, because 


cosA = 2cos* "2 1 

Transposing, 2 cos* = 1-f- cos A 


cos 



(2) 



SUBMULTIPLE AUGLES 


9 '> 


V 


— cos A 
cos A 


( 3 ) 

Note. The sign to be attached with the radicals in 
(I), (2) and(3) will depend on the quadrant in 

which - 2 “ lies. 

To express sin cos ^ and tan -^-in terms of sin A. 


We know that 2 sin ^ cos =sin A 
But sin^ ^ +cos“ ^ =1 


Adding (1 ) .and (2), 


[- 


A 


- -r cos 


fl- 


1 -f-sin A 


or sin A- + cos ''.- = ± VI +Wa 


4 

Subtracting (1) from (2), 


[■' 


A 


sin 2 -cos 


“12 

= 1— si 


sin A 


orsin-^--cos ^ Vl-sin A 
From (3) and (4) by addition, 


(I) 




Ci) 


(4) 


2 sin 2 “i Vl+sin A — sin A 

. . A 1 . ^ 

. , sin 2 — -2 {drVl 4-sin A±\/l — sin A} 

Similarly from (3) and (4) by subtraction, wc get 
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as 


1 


cos ■" 

Dividing (5) by (6), 


(4) 


tan -t:— = 


A ^±.V I +sin A± V 1 — sin A 


±\/i-l“sinAT\/l “sin A 

Note : The signs of the radicals in (3) and (4) must be 
determined before adding or subtracting them. 

To determine the signs in (3) and (4) we proceed 
below 


sin 


^ A 

+COS '2~ = 




A , 1 A 


] 


— \/2 j^cos 45® sin +sin 45® cos^J 
= V2 sin |^-^-+45®J 


A A 

Hence sign of sin +cos is the same as the sign 


lin ^ 


of sin I 45® + -^ 


]■ 


Similarly sin 


cos 


A ,_r 1 . A 1 A 
=\/2l - ..sin-^ — cos - 


LV2“'“' 2 72 

= v/2 sin [-^-45°] 


- 


A A 

Hence the sign of sin cos is the same as the 

sign of sin 45® J' 

Or thus ; — We know that sin B is + ve in the quadrants 

I and II and negative in the quadrants III and 

IV. Applying this rule to sin 
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il 

bt 

til 

* 

0 

yp 

I 

A 

'0 

• ^ 


3 ^ 


sin [ -45” ] we can easily deduce the following ; — 

I. If lies between and 

2 4 4 

• A , A . . . j - A A 

sin -fcos “2 IS positive and sin ^ “2” 

is negative. 

II. If lies between and — 

sin 2 +*-0^ ** positive and sin - cos is also 

positive. 



If 

■ ^ ^ 
sin "2 -T 

is positive. 


— lies between and 

4 


Stt 

~4~ 


-fcos '2~*® negative and sin 


— cos 


A 

2 
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IV, lies between and 


. A A A 

~2 ^ cos is negative and sin 

negative. 


-77 r. 7ir *1 


—cos 


is also 


4 To express tan i 


ID terms of tan A. 


.‘tan A=: 


2 'an 'I 

1 — tan* ~ 

2 


\ tan A— tan A. tan* 


= 2 tan 


Arranging it as a quadratic in tan we get 

tan A. tan* -^+2 tan -2 — tanA=0 

• tan— _ “2± \/4+4 tan*A — l±\/l-ftan*A 
2 2 tan A i^iTA 

The ambiguity of sign can be removed when the value 
of is known. 

Ex. 1. Find the values of sin 22i^ cos 22^*’ and tan 22"} 

(P. U. 1934) 

,in22i«=±y^bl5°l45: pu.,ing-f-= 22 r] 


V 

V 


*-^2 


V 


( 1 ) 
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Again, cos 22^ 


=±'\/ 


1 +COS 45' 


-+A/y'-^ =±v'2±v:2 

'V2‘ 2 * 2 (2) 

As 22i'* is acute, sin 22J* and cos 22|* arc both positive; 
Dividins (1) and (2), tan 22r= '\/ j Id” 

Ex. 2 . Find sin 9“ and cos 9®, given that sin 18®—^^^“ — 

Put -^*=9®, so that A = I8® 

sin 9°+cos9®=±\/iV3in 18® 
and sin 9“ — cos 9“= i \ ' 1 —sin 18® 

Now sin(^'^ 4-45®^=sin (9®-f 45®)^sin 54°, which is 


V2 


positive 


and sin -45*^=sin (9*— 45®) = — sin 36', which is 


relative. 


/. 5;iii O'^ + cos 9®— + v' 1 +sin 18' 


=v 


1 + 


v/5-1 


^V3+V5 

2 


sin 9°— cos 9° = — \^1— sin 18' 


- V 


— ^/5-^/5 


Adding and subtracting these, 

sin 9°= + \/ 5- V5 


4 


(00 
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and cos 9®= 


_ \/3+V5-h V5-V5 

4 


Ex. 3. Given sin 210®=- find the value of sin 105® 
and cos 105®. 

A 

Putting -^ = 105® and noting that 105" lies between 
~ and ^ , we have 

sin 105"+cos 105"=+ Vl + sin 210" =+ ^^^ 77 - 

V Z 


sin 105"— cos 105®=+ \/ T— sin 210" =+ 

Adding and subtracting these, 

1AC0 ^ +-\/3 
sm 105 == 

and cos 105*= ^ * 

Note : — It is easier to determine the signs by the method 
illustrated in Ex. 2. 

Exercise 13. 


1. Find the values of sin 165®, and cos 165", given that 
cos 330" 

2. Deduce the value of tan 15® from cos 30". (P. 0.) 

3. Given that sin 30®=l, find the values of sin 15" and 

cos 15". (P. u. 1949) 

4. Show that if A lies between 450® and 540** then 

^ ’ 

2 sin V l+sin A— \/ 1 — sin A 

5. Find the values of sin 112"J and cos II2"i when 

sin 225" = — ^ — . 

V 2 
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6. Find tan sin cos if tan 

and lies in the first quadrant. 

7. IfA = 340*, prove that 

.. . A 


2 sin 


— Vl + SinA “h V 1 — Sin A 


and 2 cos — = — Vl+SinA — \/ I — Sin A 
. Within what limits must — ^ iic if 

2 sin — = — V 1 d Sin A-f- V 1 —Sin A 

(M. U. 1947) 

9. Express cos 5 0 in terms of cos 0 and hence deduce 


that cos 18^= 

4 


(P. U. 1949) 


10. (/) Find the values of sin 18® and cos 36* and show 

that they are the roots of equation 4;ic2_2x/5;t+ 1 =0. 


(«) Show that cos— cos ~ cos cos -=i'8 


15 


^ t 


(P. U. 1950) 



CHAPTER VIII 
Sum and Product Formulae 


1. Products as sums and differences. 

We have proved that 

sin (A + B)=sin A cos B-^cos A sin B (a) 

sin (A — B)=sio A cos B — cos A sin B (b) 

Adding (n) and (^), 


sin (A-j-B)4 sin (A - B)=2 sin A cos B 
Subtracting (b) from (a), 

sin CA-f-B)— sin (A-B) = 2 cos A sin B 


2 sin A cos B =sin (A + B) + sin ( A - B) (1) 

and 2 cos A sin B = sin (A + B)-sio (A-B) (2) 


Again, from cos (A + B) = cos A cosB-sin A sin B (c) 

and cos (A-B) = cos A cos B+sin A sin B (d) 

Adding (c) and (d), cos (A+B)-fcos (A — B)=2 cos A cos B 
Subtracting (c) from (rf), cos (A-B) — cos(A + B)=2 sin A sinB 


or 2 cos A cos B»=cos (A-f B)-|-cos (A-B) (3) 

and 2 sin A sin B — cos (A— B) — cos (A + B) (4) 


These four formulae can be remembered easily thus : — 

1. 2 sin . cos=sin (Sum) + sin (diff.) 

2. 2 cos . sin^sio (Sam) — sin (diff ) 

3. 2 cos cos- cos (Sum) + cos (diff.) 

4 . 2 sin . sin = cos (diff.) — C05 (sum) 

where by ‘diff.’ we mean “first angle — second angle'’. 

Note : (a) When applying formulae it is convenient to 
put the larger angle first 

Thus 2 sin 30'’ cos 40* = 2 cos 40° sin SO^^sin 70°-sin 10° 

(^) Formula (4) requires special attention. Here ‘diff’ 
comes first and ‘sum’ afterwards. 
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(c) On the R. H. S. of the formulae you have either both 
sines or both cosines. 

2. Sums and differences as products. 

In the formulae of art. 1, put A-rB = C '] 

A-B = D J 

j j. j u ‘A G + D j „ C — D 

adding and subtracting, A= — ^ — 2 — 

Substituting these values in each of the equations (1) to 
(4), we get 

• /-y t ■ i-\ o • C-|-D C'”'!!) , r . 

sin C+sin D — 2 sin cos ^ (5j 

sin G— sin D = 2 cos sin ^ 2 ^ (6) 

Q 1 J) Q £) 

cos G + cos D=2 cos ^ cos - - (7) 

^ G + D . G-D 

cos G— cos D= — 2 sm ^ 2 

Formulae (5) to (8) can be remembered thus : — 

5. sin + sio — 2 cos the sumj cos the diff.) 

6. sin > sin==2 cos the sum) sin the diff.) 

7. cos-}-cos = 2 cos (I the sum) cos (| the diff ) 

8. cos-^cos = — 2 sin the sum) sin the diff.) 

Note, (a) Special attention must be paid to minus 

sign in (8). 

(b) Formula (8) can also be written as 

^ ^ . C + D . D-C 

cos C — cos D = 2 sm 

Ex. 1. Express as surr.s or differences : — 

(/) 2 sin 50 cos 20 (//) 2 cos 40 sin 0 

0 30 

2 2"' 


(ill) cos 30 cos 0 (iV) sin 
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Sol. (i) 2 sin 5$ cos 2^=sin (50+20) +sin (56—20) 

=sin 70+sin 30 

(ii) 2 cos 40 sin 0=sin (40+0) -sin (4^— 0)=sin 50— sin 30 
(m) cos 30 cos 0=^ (2 cos 30 cos 0) 

= i [cos (3tf + 0} + cos (30-0)] 

= i (cos 40+cos 20) 


\ . 0 . 30 1 . 

(iv) sin-^ sin — — f 2 si 

= -Lrcos 

2 L V 2 2 


. 0 . 30 

sin — sm ^ 


cos (J_ +J1 

V 2 ^ 2 


)] 


Ex. 2. Prove that 4 (cos 6®+sin 24'’) = V3+ v'l5 

(Agra U.) 

Changing cosine into sine of the complementary 
angle, we have 

L.H.S.^4[cos (90“-84“j + 5in 24'’] = 4 [sin 84“ + sin 24°] 
_A . 84^+24® 84‘’-24"l 


-a To • 84^+24® 84®-! 

= 4 I 2 sin ^ cos K 


= 8 sin 54® cos 30°=8 


■v/5+1 VS 


Vis +v/3 


4 2 V I V * 

[V sin 54°=cos 36°J 


Ex. 3. Prove 39+»m 59 _si n 3 6 

sin 30+2 sin 50+sin 70 sin 50 

L H S 0+8in 56) +2 sin 30 

(sin 30+8in 70) +2 sin 50 

= 2_!i_n 30 cos 20 + 2 sin 30 
2 sin 50 cos 20+2 sin 50 

_2 sin 30 (cos 20+l)_sin 30 
2 sin 50 (cos 204 1) sin 56 
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Ex. 4. Show that sin :i0° sin 40'^ sin 60° sin 80°— 

(J. & K. U. 1949) 


L.H.S.= 


^ “^2 sin 20° sin 40° l^{-sin 80° 


[ 


] 


2 1 I 2 

^^Ycos 20°— cos 60° I sin 80° 


] 


cos 20° sin 80°-cos 60° sin 80° ^ 

= V3 L r2 cos 20° sin 80°— 2 cos 60° sin 80° | 

4 ■ 2 L ■* 

= 'V^^^(sin 100° + sin 60°)-2 X | sin 80°^ 

= ^^^5in (180-80°) + >^^ -sin 80°J 


=.V3 

8 

8 


sin 80°+ -sin 80° 


[¥]= 


] 


3 
16 


Exercise 14. 

Express the following as sums or differences of sines and 
cosines ; — 

1. 2 sin 2A cos A 2. 2 cos 5x cos x 

3. 2 sin 3A sin A 4. 2 sin x cos 2x 

Express in the form of a product : — 


5. 

sin 

6A+8in 2A 

6. 

cos 3A— cos A 

7. 

sin 

4x— sin 3x 

8. 

cos X — cos 2x 

9. 

sin 

2x — sin 5x 

10. 

cos 3x + cos X 


Prove the following : — 
cos 75° + cos 15 


sin 75° + sin 15 


=V3 


11. (0 
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12 . 

14. 

15 . 

16. 

17. 

18. 

19, 




cos 9°+sin 9 


lan 54' 


cos 9° — sin 9° 
sin 5A — sin 3A . 

cos 

cos 2 B — cos 2A 

sin 2B-f-sin ^“*^” (A— B) 


cos cos 30 
sin 30 — sin 6 


Stan 26 


sin A + sin B 
cos A + cos B 

sin A-fsin B 
sin A — sin B 


, A + B 

= tan— T- 

A + B 

tan — T- 


tan 


A-B 


(P. U. 1943) 


sin 5r-hcos 81® = cos 21® 
sin 7r— cos 79®=cos 41® 


(P. U.) 


sii^ A 4-sin 3A4 sin 5A 

cos A -f-c^3A -f^eos 


OQ A + sin 3A 4-sin 5A + sin 7A 

cos A4COS 3A + cos'5A4*cos 7A 


21 . 

22 . 

23. 

24. 



26 . 


(A. U. 1948) 

cos 3A cos 8A4sin 4A sin 7A=cos A cos 4A 
sin 1 lA sin A^sin 7A sin 3A 

cos I lA sin A4-COS 7A7irr3A ^A (p, U.) 

sill A + sin (A 4-B)+ sin (A4-2B1 

cos A4COS (A4-B)4-cos (A + 2B) (A4-B) 

(/■) (cos a4cos /5)*4-(sin a4-sin pj* 


(//■) sin 50' — sin 70®-f-sin 10®*=0 
(Hi) sin 70'’ — cos 80®=cos 40® 
cos 20® cos 40® cos 60® cos 80®= -A 

sin 20® sin 40® sin 80° sin 9Q®~ ^^ 

8 


(M. U. 1949) 
(D. U. 1938) 
(J. & K. U. 1958) 
(J. K. U. 1957) 

(P. U. 1947) 
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27. 

28. 

29. 

30. 

31. 

32. 

33. 


34. 


(/) sin 10^ sin 30^ sin 60^ sin 70^ = "^^' (P. U. 1934) 

(ii) tan 20'’ tan 40° tan 60° tan 80" = 3 . 

sin (54°+A) sin ( 54 °-A) + sin (360 -A) sin (360 +A) 

=cos 2 A 

cos 37° +sin 3 7°_ go 
COS 37°-sin 37'° 

(j.&R. U. 1960) 

sin A cos A — sin B cos B 

sin (A — B) +sin A4-sin (A + B) 

sin {G— si’+'^rTC + sin (G + B)“sin G 

cos a + cos ^ -l-cos ^=0 

If sin 0==n sin (8 + 2«). 

show that tan (8-|-a)= tan a 

A 3A 

sin 3A 4-sin 2A— sin A^4 sin A cos ^ cos-^ 


(J. & K. U. 1935) 


35. 


If that 

COS p-r sin a 
l-fw 


14-tM 


= tan i (a— ^) 
Trigooometrical Identities, 


3. When three angles A, B. C satisfy some relation such 
as A4'B4'C= 180° (as is the case with the angles ol a 
triangle) or A4-B4-C=90°, many interesting identities 
connecting the trigonometrical ratios of these angles can 
be proved. Some standard examples illustrating this arc 

given below : — 

Ex. 1. If A4-B4-C= 180°, prove that 

sin 2A 4-sin 2B4-sin 2G = 4 sm A sin B ^in C. 

fj. & K. U. 1955) 

We notice that R. H. S. is in factors, hence changing 

sum into product, 
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L.H S. = (sin 2A + sin 2B)+sin 2C 

= 2 sin (A + B) cos (A— B)-|-sin 2G 
But A+B-fG=I80°, A AH-B=J80'" — G 

A L.H.S.=2 sin (I80°— GJ cos (A— B) + 2 sin C cos C 
= 2 sin G cos (A — B)+2 sin G cos G 
=2 sin G [cos (A — B) 4-cos CJ 
= 2 sin G [cos (A— B)-i-cos (I80°— 

[V A + B4-G=I80% 0=180*’— (A fB)] 

= 2 sin G [cos (A — B)— cos (A4-B)] 

=2 sin G. 2 sin A sin B = 4 sin A sin B sin G 

Note After taking out sin C as a common factor, we 
put the remainder of the expression in terns of A, B. 

Ex. 2. If A4-B4-G = 180% show that 

cosA + cos B+cos G=14-4 sin^sin-|^ 5 in^ 

T T_i Q o A + B A — B ^ 

L. H. S.— 2 cos — ^ cos — ^ l-cos C 

A-B 


y jcos — 2 hcos C 


= cos (90° - 


o C A — B / n 

2 sm-^cos-2-- + f 1-2 sin*-^ 


) 


T_i_o • C r A — B 

= 1+2 sm-^-l cos— 2 — 

t_i_o • c r A — B 

= 1 +2 sin -^1 cos — 2 — 


[■■■ 




■ c n 

-sm^ J 

-sin(90°-^B)] 

] 
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m 


, , . . C r A-B 
1 + 2 sin cos -g cos 


1 + 2 sin cos 

1 + 2 sin ^ 1^2 si 


A-l B 

■’2 


. A . B 
sin 2 sin ^ 


, ,, . A . B . C 
= 1+4 sin “2 

Ex. 3 . If A+B + C= 180 % show that 


A , B , C 
coty+cot \-coi 2“ 


= cot 


B C 
cot-^- cot 2 


(J. &K. U. 1951 ) 


V A+B + C= 180 ”, '^+1^=90°—^ 

or cot (^+ ”)=-:°‘( 90 °-°) 


B A , 
cot ^cot Y” ^ 

b”! a 

cot ^+cot 2 

B A , 
cot 2 cot 2 

B , A 
cot 2 +cot -g- 


= tan 


cot 


Cross multiplying and transposing terms, we get 

A B . C ABC 

cot 2 +cot 2 + col - 2 “ = cot ^ cot 2 

or else :~Takc tangents of both sides of 

A B C . 

2 +T=90-X' 

then change into cotangents. 
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Ex. 4. If A + B-{-C=*»r, prove that 

cos*A-f cos®B — cos®C— 1 — 2 sin A sin B cos C 
L. H. S.=4 (2 cos®A-l-2cos*B— 2 cos®C) 

[(1+cos 2A)4 (1+cos 2B) — 2 cos*C] 

= M2+(cos 2A+COS 2B)— 2 cos^C] 

= i [2+2 cos (A + B) cos (A-B)— 2 cos'C] 

= H2 + 2 cos (180*-C) cos (A— B)-2 cos*C] 

= i [2-2 cos C cos (A-B)-2 cos^C] 

= i [l — cos C{cos (A — B) + co5 G}] 

= [1 — cos C {cos (A — B)— cos (A + B)}] 

Vcos G = cos (IfC-A+B) 
s=l — COS C {2 sin A sin B} 

= 1 — 2 sin A sin B cos G. 

Note When powers of a T-raiio occur^ as in cos*A or 
sin®A, it is more convenient to change them 

into T-ratio of 2A or 3A. 

For example, cos^A^J (I H-cos 2A) 

and sin®A=i (3 sin A — sin 3A) 


Exercise 15. 

If A + B + C= 180®, prove that 

1. sin 2A— sin 2B+sin 2C = 4 cos A sin B cos G 

(J. & K. U. 1953) 

2. COS 2A + COS 2B + COS 2C= — 1 —4 cos A cos B cos C 

(D. U. 1951) 

[Hint To get the common factor cos G, put 
cos 2G=2 cos^C— 1] 

3. cos 2A+COS 2B— COS 2G=1 — 4 sin A sin B cos C 

(J. K. U. 1949) 

A B C 

COS 


2 — 2 

(P. U. 1948) 


k. 


4. sin A + sin B + sin C=4 cos 


2 


cos 
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A 1 > C 

5. sin A + sin B — sin C = 4 sin ^ sin — ^ cos — - 


6 . cos A + cos B-fcos C= 1 -l 4 sin-^ sin sin ^ 

(J & K. U. 1952) 

7. tan A + tan B-i lan C+tan C=tan A tan B (an C 

(J. K U. 1950) 

8 . cot A cot B4-cot B cot C + cot C cot A = 1 

n A B , B C , C , A , 

9. lan-^-tan -H-lan - 2 ' tan +tan— ^ tan '2 

(J. ^ K. U. 1961) 

10. cos*A+cos^B + cos^C= 1 — cos A cos B Cf s C 

(J K. U 1954) 

U. sin2A + sin2B-rsin2C = 2 + 2 cos A cos B cos C 

(J. <5 K. U. 1960) 

12. sin’^A fsin^B — sin^C — 2 sin A sin B cos C 

13. cos'^A + cos^B — cos^C4-2 sin A sin B cos G=1 

(Hiot. Transpose 2 sin A sin B cos C to R. H. S and 
proceed). 

I . *9 1*9^ 1*2 I n ' B G 

14. sin^ 2 +sin®— 2 “ 1 — 2 sin ^ cos ^ sin 

(J. (S K. U. 1959) 

..»A,.«B ' 2 ^ ir» A B.G 

10. sin- 2-'4‘S*t’* 2 — sin2-^ = l— 2 cos ^ cos-^-sm ^ 

(M. U. 19il) 

16 sin 3 A+ 3 in 3B+sin 3C = — 4 cos "^^cos^^cos^ 2 ^ 

. A , . B , . G I , .4 • w— A . tt- B 
17 . sin-y 4-8in — 1-sin -,y =l-f4sm — • sin y— 


sm 


(M. U.) 
G 


= 1 


. TT — G 
Sin — 

4 


(D.U.) 
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1 O ^ " I '-'a 

lo. COS^ -f-COS ^ +COS —=4 005 


-A tt-B 


cos 


cos 


(D. U. 1935 ) 


19. cos® cos* +COS® 2 

9 . A . B . C \ 

= ^ f l+sin ^sin-g s*n 

20. sin (BH-C-A)-f sin (C + A-B)+sin (A + B-G) 

= 4 sin A sin B sin C (A. U. 1940) 

ot A , B , C ^ B4-C C-fA 

21. cos — 2 — — I" cos — cos — ^ * 


cos 


A + B 


(A. U. 1939 ) 


[Hint. Follows From Q. 18 ] 


22 . cos®A + cos»B+cos»C=l + 3 sin A sin 

. 3 A . 3 B . 3 C 
-sin -^sin ysin-^ 


If A + B 4 -CH-D = 27 r, show that 
23 . cos A + cos B + cos C + cos D =4 cos 


cos 


D=4cos?^. 

C+A A-I-B 
— ^ cos 


24 . sin A — sin B+sin C— sin D= — 4 


25 . 


If A + B+C= 7 r, show that 
- sin 2 A 4 -sin 23 + sin 2 C 


. A + C A + D 
sin-^cos-^~ 


n 2 A + sin 2 B-{-sin 2 C ^ . A . B . C 

sin A-f-sin B-|-sin G 2 sin sin 


(J. iSi K. U. 1958 ) 
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26. 


27. 


Cos A 


+ 


Cos B 


-f 


CosC 


Sin B sin C Sin C. Sin A Sin A. Sin B 


= 2 


Cot A+Cot B Cot B+Cot G , Cot C + Cot A 

1 ‘ r 


1 


tan A4-tan B~^tan B + tan C tan C4-ian A 
28. tan 3A + tan 3B+tan 3C=tan 3A tan 3B tan 3C. 

Trigonometrical equations. 

4. Let us consider the equation sin 0= A. The values 

of 0 satisfying the equation are 30% 150*, 390°, (when + ve 

angles are takenj; and-210%— 330% fwhen negative angles 

are taken) Hcj cc 6 is many valued. Of all these values the 
numerically smallest value is called the principal value of 9. 
Therefore 30“ is the principal value of angle 6 satisying the 
equation sin 30“ = J. Given the principal value, we shall try 
to get a general expression (/• e. formula) for 6 which includes 
all solutions (i. e. values) satisfying the equation. 

Note. When n stands for an integer, an even number is 
algebraically expressed by 2n and an odd number by {2n-\-\) 
or 2rt — 1. 

(—1)" is positive and=l,when n is even. It is 
negative and= — 1, when n is odd 

5. To find the general expression for all angles whose 
sine is zero. 

Here it is required to solve the equation sine ^ = 0. 

If the sine of an angle 0 is zero the revolving line must 
coincide with OX or OX'. Hence sin 0=0 for the values of 
6 given by 0, and so on. 

q'he general expression 0=/j7r includes all the e values, 
where n is a positive integer or zero. 

Hence when sin 0=0. 

0 =n 7 T. where n is a positive or negative integer or zero. 

6. To find the general expression for all angles whose 
cosine Is zero. 

Here we have to solve the equation cos 0 = 0. 


114 


PLANE TRIGONOMEIRY 


If the cosine 
coincide with 


of an angle is Zero the revolving line must 
or OY'. Therefore the angle must be 



TT 



Stt 

o' > or ± 


Stt 

2 





e. the angles are odd 


multiples of J • 

Tlic gcneial expression includes all these 

values, when « is a positive or negative integer or zero. 

Hence if cos ^=0. 


(2n + l) ^ , where fi is 

or zero. 


a positive or negative integer 


a given general expression for all angles having 

Let a be the smallest positive or negative angle in radians 
aving the given sine ( = S, say) and 0 any other angle having 
ine same sjne. Then, we have to hnd the general expression 
tor all values of 0 which satisfy the equation sin 0=sin a. 

/. e. sin 0 — sin a=0. 


or 2 cos ^-"'*sin - ^ =0 

either cos— ^0 

^ =(2r-fl) -^(Art. 5) 

0 = (2r+l) TT-a (I) 

= an odd multiple of tt 

— a 

v’herc r is zero, or any integer 
positive or negalive. 


or sin 


0 - 


a 


0 


(Art 5) 

or 9=2k7r-i-(x (2) 

— an even multiple of 

4 a 

where k is zero, or any integer 
. positive or negative. 

The results (I) and (2) arc included in the single formula. 

0=n7r+( — l)"a ( 3 ^ 

where n is a positive or negative integer or zero. 


6 — X , 

or 2 
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[For when n is odd, Expression (3) agrees with [1) and 
when n is even (3 ) agrees with (2) ] . 

Hence if sin ^=siri a, the general value of is given by : — 

0=nTr + (-l)« a. 

where fi is any integer positive or negative or 2 ero. 

Cor. Since the cosecant is the reciprocal of the sine, if 
coscc 0i=co8ec a, then sin 0=sin a, so that the angles which 
liavc the same cosecant have the same sine. 

Hence tlic general expression is 0 = n7r + ( — 1 )"j. 

Note, a ninst be expiessed in radians as all angles enter 
the formula in radians. 


Ex. 1. Solve the equations 

(/} sin 9^- (ii) sin f?=- 

(/i7) cosec 9=2. 

Solution : — (/) sin 0= 



The smallest (/. e., Principal) value ofO satisfying 

TT ^ 

the equation is 00' or 
/. sm 0^ sin „ 


«=«^+(-l)". 3 

('■'■) "=“V2 

The smallest (/. e. Principal) value of 6 satisfying 

77 ^ 

the equation is — 45® or — ^ 

Hence sin 0=sin 
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/. G=n„+(-i)n ^ ^ 

(ii7) coscc 0=2 
.% sin 6=h 

The smallest (i. e. Principal) value of 0 satisfying 
the equation is 30“ i e. 

o 

Hence the general value satisfying the equation 
is 0 = n7r+ ( — 1)" ~ 

8. To find the general expression for all angles having a 
given cosine. 



Let a be the smallest positive or negaliv'e angle in radians 
having the given cosine ( = C, say) and 0 any other angle 
having the same cosine. Then, we have to find the general 
expression for all values of 9 which satisfy the equation 
cos 0=cos a. 

i. e. cos 0 — cos a=0 


rt • 0+a . 0 — a _ 

or —2 sin g-sin— ^ = 0 


cither sin 
0-ha 


0-ha 


= 0 


— r-n 


(Art. 5) 


0=2r;7— a (1) 

= an even multiple of -n 

— a 

where r is any integer positive 
or negative or aero. 


. 0— a ^ 
or sm — ^-^0 

0 — « , 

• • 2 


(Art. 5) 


9-'9. — 2kTT 

d=2k-n+a (2) 

= an even multiple of «■ 

+a 


where k is any integer posi- 
tive or negative or zero. 

Results (1) and (2) are both included in the formula 
.=2D7ria where n is any positive or negative integer or zero. 
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Cor. Since secant is the reciprocal of the cosine, all 
angles which have the same secant, also have the same cosine 
and have, therefore, the same general expression 0 = 2w7r±a. 

9. To find the general expression for all angles having a 
given tangent 

Let a be the smallest positive or negative angle in radians 
having the given tangent (==T, say) and 0 any other angle 
which has the same tangent. Then we liave to find the 
general expression for all values of 9 which satisfy the equa- 
tion, tan 0 = tan a. 

I. e. tan 9 — tan a = 0 

sin 9 sin a . 
or a — - - =0 

cos V cos a 

or sin 9 cos a — cos 9 sin a=0 
or sin (© — a) — 0 
/. 9—CL^nrr 

0 = n7r-fa, where n is a positive or negative integer 

or zero. 


Cor. Since the cotangent is the reciprocal of the tangent, 
all angles, having the same cotangent, have also the same 
tangent and are included in the general formula, 0 = W77 + a. 


Ex 


1 . Solve the equations, 

1 


Solution 


(/) cos 9= 


1 


V2 


(n) sec 9= — 


VS 


{Hi) tan (^=1 


(i) cos 0 = ^2 


The smallest value of 0 satisfying the given 


equation 


4 e O ^ 

IS 45 or 

4 


The general value of 0 satisfying the given 


equation is0=2nffi 
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Ex. 2 


where n is any integer positive or negative or zero. 

2 


(i7) sec &= “ 


V3 


cos 9 — — 


a/3 


The smallest value of 9 satisfying the equation 

I -AO 

js loO or -pr-* 

o 

The general value of 0 is given by 

077 


0—.2n7T±_ 


6 


where n is any integer positive or negative or zero. 
(in) tan 9— 1 

The smallest value of 0 satisfying the given 

TT 

equation is ^ • 

The general value of 9 is given by 


6^nir-\- 


4 ’ 


W'hcrc n is any integer positive or negative or zero. 

What is the general value of 9 which satisfies both 
the equations 

sin 0— — 2, cos 9— - 

•2 (P. U. 1949) 

Considering only the angles between 0 and 360°. the 
values ol tJ satisfying siii^--— A are 210° and 330° 
Similarly the angles between 0" and 360° which 

satisfy cos 0=—^^ arc 150° and 210°. 

The smallest value of 0 which satisfies both the 

equations is 2 JO e. ^ 
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The most general value of G will be obtained by 
adding any multiple of 277' to the angle. 

(? = 2n77'4 ■ 

Ex. 3. Show that the general solution of the equation 
cos-0 = cos®a is 0 = M7i4a. 

First Method, cos-0 — cos-a 

cos0=±cosa 

= cos <* and cos (tt — a) 

= (an even multiple of 77) + ® or (tt — x) 

o = 2mr±x 

and 0 = 2/1774(77— a) = (2/i4:l)77 4:2t 
= an odd multiple of 774a 
Both these are included in the formula 0=^krT-±x 
Second Method. Multiplying both sides by 2, we have 
2 cos^0 = 2 cosV 

or I 4cos 20= 1 +cos 2x 
or cos 20--COS 2x 

20=2/I7t^2x 
or O^tiTT 4 St. 

Note. We can show in a similar manner that the general 
solution of sin*0=sin2x and tan^^=^ taiT^x is also 
given by $ = n-n^x 

Ex. 4. Solve the equation 2 sin-04cos 0=1 

Putting sin*0=l — cos'-^^, so that the equation has 
only one unknown T-ratio (/. e. cos 0) we get 

2(1 — CO5^0)+COS 0=1 

or 2 cos-O — cos 0 — 1 =0 

a 1 4 V' 148 143 , , . 

or cos 0= ^ ■ ; — = = 1 and— i 

4 4 

(1) When cos 0= 1 

The least angle satisfying the equation is zero, 

/. 0=/l7r 
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(i7) When cos 6 = — * 

The numerically smallest 


is 120*^ 




0--=2/l7ri-?” 


angle satisying the equation 


Ex. 5. Solve 2 cos=G — 3 cos 6 2 = 0 

Solving the quadratic, we have cos 6= — J and 2. 

But the 2nd solution is impossible as cos $ is never> 1. 
Hence the only admissible value is cos 0= — J which gives 

fl=2/lTT± . 

Exercise 16. 

1. Find the most general value of 0 satisfying the 
equations : — 


{i) sin 0= (i7) cos 9= (»0 tan O^y/Z 

(iV) cosO=-A. (v) sec0= -% (W) cosec ^=-v/2. 

V ^ 


(v/7) sin=0=^ {v/77) cos-$=l. (ix) 3tan2^=l. 

(P. U. 1943) 

2. Find the most general solution of the simultaneous 
equations : — 


(/) cos0= , tan 1 (//) 

(i//) sin 0— cos 0 ~ — 


sin 



tan 0= 


1 


VS 

(P. U. 1942) 


Solve the equations 

3. 2 cos=0-sin y=l 4 . 4 sin*0-3 cos 
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5. 

2 sin*G+\/3 cos O-f- 1 =0 

6. tan^^O + sec 0— 1 =0 

7. 

— 2 cos 0-1- J=:0 

fP. U. 1951) 

8. 

cos^0 — sin 9 — J=0 

(J. & K U. 1954) 

9. 

2 cot2O=cosec®0 


10. 

3 tan 0+cot 0 = 5 cosec 0 

(J. cS: K. V. 1959) 


[Hint. Change the T-ratios into sine and cosine]. 

II. 3 cos*0— 2\/3 sin 0 cos 3 sin-0=O {D. U. 1934) 

[Hint Divide by cos“0 and solve the quadratic equation 
in tan B thus obtained}. 


12 . 

13. 

14. 

15. 


5 tan^0 — 1=4 tan^^ 
a cof.^d+b sin20 = c 
tan“ 04 -cot ^0 = 2 


Solve CCS (2a:4- 3_>>) = .V 
and cos (3x-t-3>') = 


(P. U. 1953) 
(J. & K. U. 1949) 
CJ. & K. U. ] 955) 

(P. U. 1944) 


10. Various other methods of solving equations of certain 
other types are best illustrated by examples. 

(o) To solve an equation of the type a cos 0 + A sin 0 = c 

Here we first change L. H. S. into a single sine or cosine 
by art. 5 Chapter VII and then solve the equation. 

Ex. 1. Solve the equation cos O+y/'i sin 0^y/2 

First Method. Putl — rcosa 1 > where /• is positive. 

and \/3~r sin a / 


Squaring and adding, r=2 


Now 


1 , . V3 

cos a=i — = J, sin a= — 


• « 



2 


The equation becomes r (cos & cos a + sin 0 sin t)=.y/2 


or 


2 cos 


( 
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TT \ 1 n 

t^--f- = 2/l77±-^ 
yr 0 = 2ff77± 4 ^ 

= 2rt7r4 j2 ariU 2/i774 ■ 

Second Method. Putting l=r sin a "I so that r = 2 

and V3 — r cos a J 

and sin andcosa=^^— » a= ^ 

Now we get, r (sin a cos 04cos a sin 0) = \/'2 
or 2 sin (04at) = v2 

orsin( O 4 J-)-= ^3 
ort#4 |-=rt7r4(-l)" I 

Note. 1. This answer appears to be different from the 
hrst, but this is not so. For when n is odd, say 2r-h 1 

f'-(2r4i)rr- J — ~ -^2r7r+7T—^-^~^2r7T + -j^ - 

( 1 ) 

\Vhen n is even, say 2r 

g -2r7T4 ^ - (2) 

Thus the answers in the 2nd method, though apparently 
djiferent, are really the same as obtained by the first method. 

2. Squaring both sides of an equation should always 
be avoided since it gives, sometimes, extraneous solutions 
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which do not satisfy the given equation. For example, if 
the above equation is written as (\/3 sin^)-— (\/2 — cos 
and then solved, it will also give solution of the equation 
“-'V/3 sin $=\/2 — cos 0 which is different from the given 
equation. 


3. VVe notice that the first method gives a simpler 
result and is, therefore, to be preferred. 


11. Equations involving two or more multiple angles. 

Ex. 1. Solve the equation sin /i0=cos m0. (P. U. 1942) 


sin 


nO 


-sin(-2 



A hO = r7T-ir{ 




where r is 


any 


posilivc 


or negative integer or zeto. 



I)''m(? = rn'+ (— !)'■ J- 


rn+i- D" 


e= 


77 

2 


( — 1 jVn 

Note. To avoid confusion we have used r instead of n as 
n already occurs in the equation. 

Another Method, cos =^cos 


TT 


— n$ — 2nT Ji_mB 


0-= 


2 — 2r7T 

/lim 


Note, F rom the above two examples we observe that 
the equation may be solved by any suitable 
method. The form of the answer does not matter. 
For, the answers though apparently different can 
be shown to be identical as in example 1. 
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Ex. 3. Solve the equation sin 0 + sin 50=sin 30 

(J. & K. U. 1961) 

Since sin SG + sin 6=2 sin 30 cos 20. 

Substituting this value in the equation, we get 
2 sin 30 cos 20=sin 30, or 2 sin 30 cos 2fl— sin 3^=0 
or sin 35(2 cos 2^ — 1) = 0 


cither sin 35=0 
/. 35=W7r-b(— 1)". (0) 



or 2 cos 25— 1 =0 
A cos 20=J = cos -g— 

25=2;i7r±-^. 

e = n„±-J 

D 


Exercise 17. 


Solve the equations : — 

1. v'3 cos G + sin £) = y^2 

cos 0+ v'3 sin 5 = 2 
sin 5-i-cos 0=1 
cos 5 + sin ^ = ^2 


2 . 


3. 

4. 


5. sin 0 — cos 5= — i — 

\/2 

6. \/2 sec O-f-tan 0= 1 

(Hint. Change into sine and cosine). 

7. cosec .v=cot AT-f- \/3 

8. sin ffi0 = sin n0 

9. sin 90=sin Q 

10. cos 90=sin 5 

1 1 . tan 55=cot 25 

12. tan /w5=taii n0 

13. sin 45 — sin 25=cos 35 


(C. U. 1938) 
(G. U. 1936) 
(J. & K. U- 1951) 
(J. & K. U. 1952) 

(J. & K. U. 1953) 


(P. U.) 


(M. U.) 


(A. U. 1946) 


(P. U. 1943) 
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14 . 

15. 

16. 

17. 

18. 

19. 

20 . 


sin 304-sin 204-sin 0 = 0 

cos 6 — cos 20=sin 30 

cos 04 "Cos 304"cos S^+cos 70=0 

cos 304-COS 204 -cos 0=0 

tan 04- tan 204- tan 30=0 

tan 20 tan 0 = 1 





(J. & K. U. 1958) 
{P. U. 1935) 
(P. U. 1937) 
(J. K. U. 1951) 
(J. & K. U. 1950) 
(P. U. 1951) 

(P. U. 1949) 
— -^cos 0 ^etc J 


21. sin 50 cos 30 = sin 90 cos 70 

(Hint. Change products into sums). 

22. cos 30—8 cos* 0 = 0 (P- U. 1937) 

23. 2 (sin* 04-cas*0) = l (1^ U- 1930) 

24. sin 0 4 sin 70 = sin 40 fj- ■•‘v K. U. 1960) 



CHAPTER IX 

(Relations between the sides and the angles of a triangle) 

1. It is a common practice to denote the angles of a 
triangle ABC by the capital letters A, B, C and the sides 
opposite to these angles by o, b, c respectively. 

2. Sine Formulae. The sie/es of any triangle are 
proportional to the sines of the opposite angles or in other words : — 

a _ b _ c 
sin A sin B sin C’ 



Fig. 3. 

Let ABC be a triangle. One of the angles, say B.will be 
acute; C may then be acute, obtuse or a right angle. Draw 
ADXBC or BC produced. 

Then, in all figs., from A ABC, 
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AD 


= sin B, AD=AB siri B — t* sin B 


AB 

Again, from rt. 

AD 


( 1 ) 


In Fijj. 1, 


AC 

AD 


angled ^ ACD, 
= sin C 


In Fig. 2,-^^----sin ACD = sin (Tr-C)=sin C 

ACj 


In Fig. 3, 


AD 

AC 


= l=sin 90®=sin C 


( 2 ) 


c 

sin C 


In each case AD — AC sin C—h sin C 

I 

From (1) and (2), h sin C — r sin B 

h 

or „ 

sin B 

Similarly (By drawing _Ls on CA Irom B) nvc can prove 

that " 

sin C sin A 

„ a c 

Hence 

sin A sin B sm C. 

Cor. 1. then A>B i.e. the greater side has 

greater angle opposite Jo it. 

Cor. 2. If fl — 6, then A = B I. e. the angles opposite to 
equal sides arc also equal. 

Note. The above formulae are also called The Law of 

Sines. 


Ex. 1 . In any ^ ABC, prove that 


. A-B a—b C 
sin — _ cos 


In the Sine Formula, let ^ -—^-^=k (suppose) 

sm A sin B sm C ‘ ^ 

,% (i~k sin A, h=k sin B, c^k sin G 
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Now 


a — b_ k (sin A — sin li) sin A — sin B 


c k sin C 

_ A + B . A-B 

2 co> 2 2 

~ G C~ 

2 sm 2 cos. -2- 


sin C 


cos 


(90°- ^ ),i 


A-B 
sin -•= — 


sin 


2 2 


C . A-B . A-B 
sm -^sin— 2"- sin-^- 


C C 

sm y cos 2 


C 

cos -2 

A— B a~b C 
— 7 ^— «= — - cos -TT 


Cross multiplying, sin 

^ C ^ 

Observation : — VVc have started with the expression 
containing the sides on the R. H. S. and expressed it in terms 
of T-ratlos of angles with the help of the sine formula. 

Ex. 2 . Prove 


Let 


a 


b‘-c- 


^ =— 


c ' — a 


(Rajputana U.) 


sin A sin B sin C 


a=k sin A, b~k sin B, c=k sin C 


T TT c A: sin A sin (B — C)_ sin A sin (B — C) 
^ — k* (sin*B-sin*C) 


sin A 


~ it sin ( 180 ^- A) 

Tt M c A: sin B si n (C— A) _ 
n. o.- ^.2 (sinSC— sin=A) 


k sin (B+C) sin (B— C) 
1 

k 

sin B sin (C — A) 


k sin (C-)-A) sin (C— A) 
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sin B 


~ k sin (180'’-B) k 
L. S. = R. H. S. 

3. Napier’s Analogy. To prove that in any A ABC, 
A-B a-b C jj 1953 J 


tan 




2 a + b‘'“* 2 


From the Sine Formula 


sin 


. = ^ fi, we have, 

A sin B 


a __ sin A 
b sin B 


.*, by componcndo and dividendo, 

a — b sin A — sin B 

a^b sin A + sin B 


2 cos 


2 sin 


A+B . 

• ... sm 


A-- B 
2 ~ 


.\-B A-B 

2 “ - 2 " 

A-B“ Ad-B 
tan — X — 


• • 


A - B 

tan — 


tan 


A— B 


ta 


"( 


90”-^) cos ^ 


A-B a-b 


Cros.s.multiplying, tan ^ 


cot 


C 

2 


Similarly ^\c can show that 

B — C b - c A 

tan 2 ^ h n ^ ^ 

, C-A c-n ^ B 

and tan rc— = — ; — cot— 

2 r fa 2 

Note. This result is also called the Tangent Formula. 

It was stated by Napier in the form of the 
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proportion, 


tan 


A- li 


a— 


A + B a-\ 
tan -J- 


b 

h 


In 

1. 

2. 

3. 


Exercise 18. 
any A ABC. prove tijat 

B-C b + c . A 
cos-. = -^-sm 


. B-C b- 


sin 


a 


A 

cos 2 “ 


ct sin (B — sin (C — A)-f-r sin ' 



sin (B-C) 

sin (B TC) 
B C 
o 


Ian 


tan 


B-f-C 



/> -4-r 


6, a sin A — h sin B --c sin (A — B) 

7. rt (cos B-l-cns C)^-2 (/; + r) sin- ^ 




sin + B sin ^ 

b sec B-l r sec C_r sec C + <7 sec A 
tan B-ftan C tan C+ian A 


B O \ 

10. cos ^ ‘ = 2 sin , wlien b-^ c^2a 

1 1. a cos A-fi cos B+r cos C— 2a sin 

~2b sin C sin A~2r sin 

sin (B— C) ^»- sin^C-A) 
sin B f-sin C sin Ch sill A 


(J. & K. U. 1954) 

(M. U. 1949) 

% 

(A— B)-0 

(P. U. 1950) 

(J. & K. U. 1957) 


(P. U. 1943) 

_ a sec A + 6 sec B 
tan A-f- Ian B 

(D. U. 1941) 
(J. & K. U. 1952) 

B sin C 
sin B. 

C' sin (A — B) _Q 
sin A + sin B 


12 . 


RELATIONS BETWEEN SIDES & ^s. OF TRIANGLE 13l 


!3. 


14. 


4. 


a sin (B-C) 6 sin (C-A)_c sin (A-B) 

* = — ' ■ — *“« to 




c® — a® 


l±* + ‘- =CO. 

fl— 6+c ^ ^ 

The Cosine Formula. 

To prove that in any A ABC, 

_ ^ a®-rb®-c= 

CosC= -9^ 


(J. & K. U. 


1951) 



Fig. 3. 

Let ABC be the triangle. One of its angles say B, will be 
acute; C may then be acute, obtuse or a right angle. 

Draw ADXBC or BC produced. Let CD = a: 

From rt. angled A ABC, 

In fig. 1, c®=BD® + DA® = (a— ^)®-f-DA® * 
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But x = b cos C, cos C 

In fig. 2, f2 = BD2 + DA* = (a + x)2+DA* 

= + DA* 

= fl*+2(2.r + i* 

But x^h cos ACD = 6 cos (180‘’-C)=— cos C 
t'* = o* + 6*— 2(36 cos C 
In fig. 3, c*=a* + fc* 

= a* + A* — 2ab cos C [*.* cor C = cos 90°==0] 
Thus in alt cases, c* — a*4b” — 2ab cos C 

2ab cos C=fl* + 6*— c* 


cos C = 


a24b=-c* 

2ab 


Similarly a* = b*-fc* — 2bc cos A, or cos A=- * 


and b- = c-4 2ca cos B, or cos B= 


2bc 
c2 + a*-b2 

2ca 


Note. The above formulae enable us to express the cosine 
of an angle of a triangle in terms of the sides. 

Ex 1. In any ^ ABC, prove that a {b cos C- c cos B) 
= 6*-c- (J. & K. U. 1951) 

Putting values of cos B and cos C from the cosine formula 
wc get 


L. H. 



2ab 2ca ) 


a34./,2_^.2 ^2_|_a2_^2 a‘ + b^-c'^-c--a--^b^- . 

= 2 “ ^2 " 2 =6=-c2 

Ex. 2. In any A ABC, prove that 

(6*— c*) cot A-f-(c* — fl-) cot B+(a*— M) cot C=0 

(P. U. 1944) 


1 a I 

. O'+c- — a- ^ o . . . , a 

Since cos A= — >,,t - and ^ T=k gives sin A= -r- 

sin A ® ^ 


2bc 
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1st term on L. H. S. = (6^ — ^ 






sin A 

+ a2 


26 c 


a 


Similarly, 2nd term= 2a6c 

and 3rd term = - 2 ^^ [(<3^ — 6*) — c*(<3^ — 6-)] 

k 


:. L.H.S.= 


2a6c 




— d^ib^ - c2 ) - 6* (c2— flS) — c2 (a2 - 6* )] 


= 2-.~6ct"3 = 0 


5. The ProjectioD Formulae. 

To prove that in a ABC. 

a=b cos C+c cos B, b=c cos A -t-a cos C 

and c=a cos B +b cos A. 


Let ABC be a triangle. One of its angles, say B, will 
be acute; C may then be acute, obtuse or a right angle. Draw 
ADJ_BC or BG produced. [See figs, of art. 4] 

In fig. I, BC = BD-fDC (I) 


But 


and 


BD 

AB 

CD 

AG 


= co8 B BD = AB cos B = c cos B 


= cos C CD = AC cos C = 6 cos C 


/. from (1) a--c cos B4-Z> cos C 
In fig 2,BC = BD-CD 

= c cos B — b cos /.ACD 
= c cos B— 6 cos (180°- G) 
= c cos B4-6 cos G 




134 


PLANE TRIGONOMETRY 


In fig. 3, BC=c cos B 

=c cos B+6 cos C (V cos C=cos 90*=0) 

Thus in all cases, a=b cos G+c cos B 
Similarly b=c cos A+fl cos C 
and c=a cos B-|-6 cos A 

Ex 3. Prove that in any A ABC 

cos A + (c+fl} cos B+(a + Z») cos C = fl + 6 + c 

(M. U. 1946) 

Opening brackets and grouping terms, we gel 
L. H. S. = (a cos B4-^ cos A)4-(6 cos C-f c cos B) 

+ (c cos A + a cos C) 

= t -r{/4-A (by ilic projection formulae) 

Exercise 19. 


In any ,^ABC, prove that ; — 

, co^ A cos B cos C + 

a b c ~ 2abc 

2. he cos .A + ca cos B+fl^ cos C-=I (< 2 - + i>-+c‘') 


3. 

c [b ct 

4. 

b cos J 

5. 

b- cos 

6. 



cos B 

' • 

a 4 

cus c" 
/i- - c- 



L>. 

C’l'cos 


(B-U.) 


c- — a- . 




■ ..c 


9. citos A+cos B)=2 {a-\-b) siu- 


(A. U.) 
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10. (/) If a cos A = 6 cos B, then either the triangle is 

isosceles or rigljt angled. 


(I/) II 


. cos A cos B 


a 


then the triangle is isosceles. 


II. t.’-==(a— 6)- cos- ^ d-(u + 6)- sin* 2 


Hint. Use the Formulae 


(C. U) 


[ 

2sin*^ =1— cosC, 2 COS"" =-■ H-cos G J 


12. 11 C = 60% then 


1 


1 

•4" t * _ — 


a + c ' b + c ■ c 

(Pat. U. 1937) 

13. ]{atbyC arc 3, 5. 7 respectively show that (/) the 
triangle has an obtuse angle equal to 120'^ and that 
(i7) the ratio into which the greatest side is divided 
by the perpendicular from the opposite angle is 

33 ; Qj. (U. U.) 

14, T he sines of the angles of a tiiangle^are 5:7:0, 
prove tliat the cosines of the angles arc as 1 1 : 7 : 2. 

Hairaogle Furniuluc. 

In the following articles 5 denotes scmi-pcriineter so 


that s=~ 


a 4- 4- c 


6. To find the sines of half the angles of a triangle 
in terms of its sides. 

I, e. to prove that in any A ABC. 

-F) 


sin-^- = 


We know that cos A = 


V ( .y-6) js -c 
be 

//i q. c'i - 


2bc 


andcosA=l — 2 sin" ^ 
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•• 2 sin* 2 ~= I —cos A 


I- 




(Cosine Formula) 


2bc 

^2bc—b^—c^j^.a^ 

2bc 

{a+b~c) (a-b+c) 
2bc 

Now a+b-{-c=>2s 

a+b~-c=a-^b + c--2c=2s-2c^2{s~c) 

and o-b + c==a-\-b-\-c~^2b=:^2s~2b = 2{s^b) 

from ri ). 2 sinS . 2(j— 6) 

2 


sin* 


sin 


A 

“2 


{s^b) {s~b) 
be 


Similarly sin 


B 

2 


sin 


V 

V 


ca 


(1) 


■-^) {s£b) 

, ab ~ 

Where positive sign is taken with the tadical, because 
each of the angles A.B,C, is <lliO“ and hence .9^ _ 

arc each < 90 ’ and lie in the first quad, ant. ^ ^ ^ 

• ertns of i^“sfd et '’‘"f “f « •-■‘-g'e in 

/. e. To prove that in any AABC, 

V 

ab 


cos 


be 
and cos 


V 


ca 
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We know that cos A= 


*2 f 

2bc 


and cos A=2 cos ®— 2 1 


2 cos® -2=1+ cos A 


= 1 + 


2bc 


_ 2bc-\-b^-\-c^—a- ^ {b-\-cY-a^ 
2bc 2bc 


_ (6+c +a) (b-rc 
2bc 


— a) 


( 1 ) 


Now 0+6+C--25 


/. 6+c— a=6+c+a — 2<3=2(^ — a) 

. r /iX O 2 A 25-2(5— < 2 ) 

from (1), 2 cos® -^= 2 'i^ 

2 A _s^ — a) 


COS 


be 


cos - 


Simiiarly cos 


and cos 


V 

V 

V 


s{s — a) 


be 


s{s — b) 


ca 


(5— c) 
ab 


Where positive sign is taken with the radicals because 

each of the angels A, B, C is < 180° and hence ^ 13 C 

2 ' 2 » 2 

arc each <90° and so lie in the first quadrant. 
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8. To find the tangents of half the angles of a triangle 
in terms of its sides. 

i e. To prove that in any triangle ABC, 


tan 


^ = \ / 

t ' V s{s— a) 


(P. U. 1955) 


We know that cos A= 

. .. A 


1 . 

and tan- ^ = 


2 sin^ 


2 cos- 


2ic 


I — cos A 
I + cos A 


i — 


1 -i- 


2bc a--{b-cY 


2bc 


h v)(u - b -\-c) 2{s c).‘Ms-b^ 

(/» fc ii) ' 2s. 2(s-a) 

lY{s — c) 

s{5-~a) 


A _ . / {5-b)is-c) 
•' 2 V s(s-a) 


Or thus : tan 


A V 

S —n ■ ^ 


(j-6)(^-c) 

be 


cos 


V 


Sinhlai !>' lan 


and tan 


XJ— g) 

be 


{s b\{ s-c) 
s(s — a) 




S' — c) (s— a) 


s{s-b) 


(s-a) {s —b) 
s{s^c) 
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9 To prove that in any triangle ABC, 

Sin A = s (s — al*(s — b^) s — c ) 

A o • A A 

sin A=2 sm — 2 ~ 2 


A / * / ^(5— fl) 

V' — 

= v'5(5— (s-c). 


Similarly sin B= --—\/s(s — j) s — If) (s^-c) 


and sin C= V-S^(i' — t/) (^— ^) (j— c) 

sin A _ sin B _ i>in C s{i'^a) (s — b) c) 

a 6 c abi 

This is, incidentally, a verification of the Sine formulae. 
Ex. 1. In any AABC, prove that 


Cor 


; + «— £;=2 ^(7 sin-“ — he sin- 


R.H.S.=2 a. 


(j— fl) { 5 -b) 


ab 


+c. 


js—b) 5— c ) 
be 


1 


2{s-b) 


^ [(j-a) + (^-c)]=L2£_^')[2,- „_<] 


_{a~-b-^c) {b) 


=a-hc-i> = L.H.S. 


Ex. 2. If tf, /7, c, are in A. P. show that 

. A . C 1 

tan 2 tan ^ =-3 ' 

Tlic result is true, if 


/ is-h) (s—c) / (s-a) ( 5 -/ 7 ) 

\ s{s-a) ' V s(s--c)~ “• 
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^ Putting values of tan 


and tan 



or if 35 — 36=5 
or if 25. = 36 


or if a-r6 + c = 36 


or if a-\-c^=2b 

i. e. if a, 6, c arc in A, P., which is given. 
Hence the given result is proved. 


Ex. 8. Ifcot-^=--'^^ , show that the triangle is 

2 a 

rt. angled. (P* 1937) 


col 


A 

2 


(a-j-b -i-c) (6H-C — a) 


_=*/ 

V ( 5 - 6 ) ( 5 - 


C) 


(fl— 6-f c) (a+6— c) 

(6+0)*— o* 


a2^{b^c)^ 
A 6 -i*c 

But it is given that cot — , — 


(1) 

( 2 ) 


from (1) and (2) after squaring, 

{b+c)~-^ 

u“~(6 — c)^ a* 

or ^-(6 + c)=-a'=a-(6 + c)=-(6-=-c*)« 
or a‘' = (62-c2)= 

or a-=b^--c'^ (Taking sq. root). 

fl = + c »=62 

Hence the triangle is right angled, /.B being the right 
angle. 
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In any AABC, show that : — 


g B , a A 
a cos*— cos*- 2 — = 

B . C 

sin ^ - 


1 . 

2. (ft-fc — o) sin-^— = 2(7 sin-^ 


cot 


B 


cot 


a — b-\-c. 
a-\-b—c 


2{a + b) . , C . ^ _ 

- ^ sin-- 2 -=cos A-hcos 15 


5. a (cos B + cos C) = 2 (6 + r) sin*— g”’ 

B C 

6. If 3a^6 + c, then cot ^ cot -^ — 2. 


7. 

8 . 


10 , 


( 


tan 


— tan^-^=(a— 6) ^tan +tan ^ ^ 


If the sides of a triangle are in A. P. then the 
cotangents of half the angles arc also in A P. 

(P.U. 1943) 


cos 


2 


A 


cos 


B 


COS' 


a 


+ 


4- 


abc 


(M. U ) 


If cot A+cotC = 2 cot B, then r* + fl* = 2A*. 

(A. U. 1943) 


11. If a, c are in A. P., then 2 sin 


A . C 
2 


sin 


B 


(P. U. 1949) 
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(12) If < 7 , c are in H. P., prove that : 

sin" ^ ♦ sin- || ’ sin" - ^ aie also in H. P. 

(J. & K. U. 1957) 

(13) If a cos =-2 = show that the 

sides a, h, c arc in A. P. 

(J. A- K. V. 1959). 

14. Tlie hiscrtor of the angle A i>f a ^ , meets BC in D, 

sin C r^^n— « sin 

Show that c+TirTB ’ sin C-f sin B 

^ 2/?c A 

and AD= ^ ros • 

15. Sliow that a triangle having sides equal to 3, 5, / i.s 
an ol)tusc-angled triangle and determine the ohtuse 

angle. 

Hint. L' .se cosine formula] 


ir> If rot , cot 1’ , cot r, 


B 


c 


A , c: 

then cot col- ,, —3. 


A C 

17. 113 tan 7 , tan 2 

10. To find the area of a 

(o) Area of the triangfe 
angle are given. 


A 



= 1. prove that are in A.P. 

triangle ABC. 

when /ten sides and the included 


A 



Fig. 2. 
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Let A denote the area of the triangle. 

Draw ADJ_BC or PC produced. 

Then A = i PC . AD (1) 

But from A ACD 

In fig. 1, AD =6 sin C 

In fig. 2, AD = 6 sin (180°-C)=/) sin C 

From (I), A=*^ ^ sin C = .5 ab sin G 
Similarly, vve can prove that A = 1 sin A 

= \ c(i sin B. 

Rule : — Area of a triangle=^ (product of two sides) 

X (sine of the included angle). 

{h) Area of a triangle when 3 si<U\s a, b, c arc given 

2 

We know that '^in A— “ \ .v(s — bi{s - r) 

(Art 9 ) 


AABC=J /^c sin A = .5 be. \' b){.s-f). 


— V (5 — a){s — b) (s - c) . 

Tins is known as Hero’s formula. (I) 

(c) A/ea in terms of one side end two angles (P. U. 193G) 

c- o b c 

Since- . = 

sin A sin B sin C 

c sin A . . c sin B 
. . < 2 = — : — .and b= ^ 
sin C ’ sin C 

. . AABC = i ab sin C= J ^ . sin C 


sin C sin C 


sin A sin B 
sin C 
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= i [VC=180‘'-(A+B)) 


Similarly A = i 
or=^ 


sin (A + B) 

fl* sin B sin C' 
^“(B + C)' 
sin C sin A 
sin (C+A) 


^ , fl® sin B sin C , sin C sin A 

^ = ^ • sin A sinB 


= i 


c* sin A sin B 
sin C 


Ex. 1. Find the area of the triangle whose sides are 5 ft. 
6 ft. 7 ft. 

Here 5-4 (5 + 64 7)=9 
5—0=9— 5=4 
6 = 3 

c-f=9-7=2 


A = V5(5-o)(5 — ^)(5 — cj = Vy x4x 3 X 2 = 6v'6 

sq ft. 

Exercise 21. 


Find the area of the A ABC, when 

(1) (3 = 5 ft., 6=7 ft., r=8 ft. 

(2) (3=13 ft., 6=14 ft., c=15 ft. 

(3) 0=18, 6 = 24, C=30^ 

(4) 6=8ft.,c=9ft, A = 3“. 

(5) a=12 ft., B = 60", C=^5“. 


CHAPTER X 

Radii of the circles connected with a triangle. 

1. Definitions. 

Circumcircle : — The circle which passess through the 
vertices of a triangle is called the circumcircle of the triangle. 
Its centre, called the drcumcenire, is the point of intersection 
of the right bisectors of the sides of the triangle. Its radius 
is known as circum-radius and is denoted by R. 

Incircle : The circle which touches the sides of a triangle 
internally is called the incircle. Its centre, called the in-cenire, is 
the point of intersection of the internal bisectors of the angles 
of tlte triangle and is denoted by I. Its radius, known as 
inradius, is denoted by r. 

Escribed circle : The circle which touches the side BC 
of the triangle ABC and the other two sides AB, BC produced 
is called the escribed circle opposite to the vertex A. Its centre 
called the ex-cenire, is the poitit of intersection of the external 
bisectors of the angles B, C and the internal bisector of angle 
A and is denoted by I^. Its radius, known as ex^radius is 
denoted by r^. Similarly the centres of escribed circles opposite 
to the vertices B and C are denoted by la, I 3 and the corres- 
ponding ex-radii by r-i, r^ respectively. 

2. To prove that in any triangle ABC, 



fig. I (/.A acute) 


fig. 2. (Z.A obtuse) 


146 


PLANE TRIGONOMETRY 


A 




Fig. 3. (/A=20'’) 

Let ABC be the triangle and O its circumccntre. Join 
CO and produce it lo meet tlie circumcircic at P. Join BP. 

Then /.CBP=-90'" (angle in a semicircle) 

In fig. 1, /,BPC=/,BAC^A (angles in the same segment) 

In fig. 2. Z.BPC=-180'’— ZBAC=180®-A 

(opposite angles of a cyclic quad, are supplementary) 

In both figs., sin ZBPC=sin A 

BC 

from the rt -angled A PBC, =sin ZBPC=.sIn A 


j r n \ BO , . * 

In hg. 3 also ^^=\^sin A 

BC 


(V 


Hence in all figs ,®p=sin A, or^j^^sin A, .*. R— 2 ^ 

Similarly R- 2 l^B =2 sin C ■ 

a h ^ T? 

Note. It follows that-- -t — -o 

sm A sm d sm U 

This is another proof of the Sine Formula, and the value 
of k in exs of Art. 2 chap. IX is 2R. 
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(b) Another expression for R. 

To prove that in any triangle ABC^ 



abc 

4 A ■ 


(P. U. 1955) 


V R= 


a 


2 sin A 




sin A=-s 


2R 


sin A = A be. 


a abc 

2R” 4R 





3. (a) To prove that in any 

irianele ABC, 

,=-A. 

S 

Let the bisectors of anples 
A, B and C meet in the point I, 
the incentre of the A ABC. 

Draw ID, IE, IF perpendi- 
culars to the sides; then 

ID=lR = IF = r 


A 



AABC= AiBC-f AICA + AIAB 

= i BC r-tl CA. r+J AB r 
= i r ia-\-b-\-c) = i r 2s = rs 


Hence r= • 

s 

(b) To prove that in any triangle ABC, 
r = {s—a) tan — • 


Since the tangents from any external point to a circle 
are equal. 

AE=AF. BD=^BF and CD=-CE. 

A 25=(AE+AF)-f (BD + BF)-f (CD+CE) 
«2AE-h2BD-|-2DC 
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5=AE+BD+DC^AF-}-fl 
AE'^^— a. 


IE 


From rt. angledA^AE, 


A 

=rtan-^ 


r A 

= tan-7- 

s-Q 2 


r={s—a) tan 


Similarly, r=(^— 6) tan g'jsnd r=(5 


, C 
c) tan-g- 


To prove that 


(0 r = 


. B . C 

a sin 2 ■ **** ~2 


cos 


A B C 

and (ii) r = 4R sin sin-^ sin — j- 

From the fig. in Art. 3, 
n=BD+DC 


BD B , CD 

“2 ID' 


(1) 


= cot 


BD = r col — 2 ~ and CD — r cot 


from (0. n — rcot-^ +rcot 


\ cos cos 2 

"j " b"+“ c" I” 

sm - 2 sin 


2 J 
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B . C 
cos-2- 


. B C 

sin 2 ' 


B 


sin 


sm 


) 


sin^ 

= r 


B + C 
2 2 




COS* 




B 


sin 


2 2 




. B . C 
sin - 2 * sin ^ 

2 '--90“— ^ 


B__ 1 C _ 


) 


a sio 


/.r= 


B . C 
. 2 2 


( 2 ) 


cos 


Similarly r = 


^ . C . A . A . B 

b SID c sin— 2~ ***^“2 


cos 


B 


cos 


(ii) Again) since a=2R sin A 


(Art 2) 


=2R. 2 sin ^ cos-~ 

^T> • A A 
=4K sin 2 ~ 

substituting the value of a in (2) we get, 

. A . B . C 

r=4K sin sin ^sin-^-' 

Note. These results can also be proved by substituting 
in R. H. S. of the equations (i) and {it) values 
A A 

of sin 2 '* cos- 2 - etc. in terms of sides as in Ex. 4 
hereafter. 
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5. (a) To prove that iq any triangle ABC, 



Let Ij be the ex-centre opposite to 
the angle A 

Let Di, Ej, Fj be respectively the 
points of contact of the escribed circle 
with the side BC and the sides AC, AB, 
produced. 

Join liDj, I)E|, IiF|. 

Then IiHi — IiEi = I,F| = ri 

Join IiA, I,B, IiC. 

Now A ABC =Ali CA+ A IiAB 

- AIiBC 

= i CA.r, l-JAB. r,-i BC. r, 

= r, {b-\-c-Q) = \ r, (2s — 2a) 


A 




Similarly rg=- 


A 


s — b 


and r‘,= - 


A 


s— c 


(A) To prove that in any A ABC, 

A 

r = s tan «— 


Since the tangents from an external point to a circle 
are ecjual. 

AEi=-AF„ BDi = BFi and GDi=CEi. 

2y=AB4 BC + CA 

-AB + (BD, + DjC) + CA 
= AB + (BFi + CEi)+AC 

= (AB + BFi)+(AC+CE,) 

=AFi4-AE| 

= 2AEi or 2 AF^ 
s = AEi=AFi. 
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IiE, A 

From rt. angled /S AEjIi, ~aE 2 

Tj A 

/. ^ — tan 2' 

A 

ri= s tao 2 ■ 

B ^ C 

Similarly, r 2 = s tan— 2 " and r 3 — s tan ^ 

To prove that ri=(s-c) cot ^ = (s-b) cot 
Here, BDi = BFi = AF — AB = ^-c 

CDi = CE, = AEi-AG=J-/» 

ZIiBDi = i (180^-B)=90°- “ 

ZliCD, = i(180° C)-90’- -2' 

/. from A IiBDi, bq' 2 


C 

2 


) 


fi . B 

or - -=cot- 2 - 


A ri-=(5-c) col 


B 


2 ( 1 ) 

Again, from A IiCDi, =^tan^90 ^2“^^ 


ri 

s—b 


cot 


T. ri = (5— 6) cot 2 


C 
2 
C 


( 2 ) 


Hence from (1) and (2), r, = (5— c) cot , 


B 


(j — b) cot 
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Similarly we can prove that 

. . A . . C 

rj=(j-c) cot-^= (5— fl) cot 

. . B . A 

ra=(5-a) cot-^== (j— 6) cot 


a cos 


6 , To prove (i) r| = 


B C 

2-co»-2 


COS 


^ • 


.... . A B C 

(«) r| = 4 K sin 2~cos-2”Cos 2 
From the fig. in Art 5 , 

(0 a=BD, + DiC 

But g-co.( 90 »-^« ) 
=co.( 90 »-|.) 


tan -^and CDi=ri lan-^ 


from ( 1 ), a~ 


= r 


B , G \ 
,--{-tan 2 I 


= r, 


= r 



. B C . 
sin 2 cos -1 cos 


B G 
cos ^- cos -2 
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=''1 


sin ^ 


B + c 
2 2 


) 


ri cos 


B 


C 


B 


C 


cos 2 cos 


cos 2 cos- 


(••• 


B^ C _ 
2 -T- 2" — 


= 90°- ^ ) 


a cos 


B 


cos 


•’ 1 = 


C 

2 


cos - 


( 2 ) 


Similarly r^ — 


b cos 2 cos 


cos 


B 

2 


A 

2 ' 


and r->= 


c cos cos 


cos 


B 

2 


(ii) Since a = 2R sin A (Art. 2) 

= 2R*2 sin-^- cos 

AD • A A 
r=4R sin 2 cos 

Putting this value of a in (2), we have 

AD ■ A B C 
ri = 4R sin-^cos - 2 - cos ^ 

Similarly r2=4R sin 2 cos ^ 


C 


A 


and ra=4R sin — ^-cos -„-cos 


B 


n:' > 
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Note:- The above can also be proved by subsl'tuUng 

the values of sin cos etc. in terms of 

sides. 

Ex. 1. The sides of a A arc 13, 14, 15 ft. Calculate 

R. r, A, r3. 


A= v s{s-a)il^b){s-c)= ^21x8x7x6 = 84 
abc 


R = 


4A 


I3x 14x 15_ _65 
■4x84" 8 


, ^ -®i-4 


A^i4^_21_ 

'■»“ s-a 8 2 


A _ 84 _.g 

''2= Y-b — r“^^* 

'’3= 5“c'" 6 


Ex. 2. Prove that 


Ex. 3 


* + - +— =4 

r, r. Ta r 


(J. & K. 1959) 


5— fl , 5-* I 5— 

L.H.S.= A 

3s-[a + b-\-c)_'is^s^^ _ 1 . 

A A A '• 

Prove that /-i-rri+ra— '■=4R (P- C. 1956) 


L. H. S.- 


A 4--^ + ^ - A 

J Q S 
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Ex. 4. 


A + _A W 

\s-a s — bj \s-c s J 


25 — a— 6 , A._ c 

^ {s — a){s — b) ^ s{s—c) 


= A’ 




.-v-H-A* 


5(5—0 


"(5— a) (5-6) 


b) 5(5 




5 ( 5 — 
5(5 


is] 

- c) +f 5 — o)(5 — "I 
-a)(5 — 6)(5— (■) J 

_ r 25 =- 5 ('a 464 “I 

s{s-a){s-b)(s-c) J 

_ r 252 — 25^+06 _ “I 

5(^-0) (5-A)(5—c) j 


abc^ abc 

‘a 2 ” “ “a 


abc 


4 A 


X4=4R 


Prove that rj=4R stn^cos -ycos ^ 


R. H. S. = 4. 


abc 

4A 


V 

v 


(J. & K. U 

(5-6)(5-C-) 


be 

5(C-C) 

ab 


abc 5f5 — 6)(5 — c) 5(5 — 6)f5 — c) .v 

A * 06 c ’ — A ^ 5 * 

5( j— a )(5-6) (5— c) A* A 

A (s—a) ~ A (s~a) ^ “ 5 - u ' 

Or Thus ; See Art* 6 part (i7) 


= r 


4 * » 

Idj 


1949) 
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EXERCISE 22. 

With the usual notations in the ^ ABC, prove the 
following : — 


(J. & K. U. 1961) 
(D. U. 1947) 


1 _L • ..L 

ab be 'ca 2Rr 

2. Rr (Sin A+si.i B-f sin C) — l. . 

3. 2R* sin A sin B sin C = A. 

. A B C 

4. j=4R — ' 

6. (0 4 R r s=abc (ii) 4A = (6® + c3— o®) A 


7. sin A + sin B +sin C=s 

8. a^-b^ = 2Rc sin (A-B). 


(J. <6 K. U. 1958) 


9. 


10 . 


11. 


r.2 ^ 


* I 1 , 1 _ a* + b= + c* 

rJ r,® r® A* 


l 'S ^3 
/■2r3+r3ri + rir2=j®. 


C C 

(r^ + rs) tan-^ = (r3-r)cot 


(P. U. 1952) 
{D. U. 1950) 

(P. U. 1944) 


12. (l) A* = ^'’i''9'’3' 


(n) a^(ra-hra) V rrjrata 

» A 

13. (/) rri=rjr 3 tan® 


(J. iSi K. U. 1956) 

(P. U. 1954) 
(D. U. 1953) 

(Allahabad U). 


{ii) (ri -r) (rj-r) (rs-r)=4Rr*. 


(M. U. 1944) 
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(m) ri+r2-f-r3=4R + r 


(D. U. 1956) 


*4. (i) cot cot 2 “ cot (J. & K. U. 1952 S) 


(") ccs ^cos-® cos^ 

(m) 1— sin* 2 “ —sin® "I ^in* = 


(Cal. U:) 


2R 

(P. U. 1955) 


14 /■:\ __ rg + r3 _ fs + rt 

^ ' 1+cosC l+cos A l+cos B 


(») = 


(P. U. 1936 S) 


16. cos A 4- cos B 4 cos C=H- 


( J <6 K U. 1953) 


[Hint. Use the Identity cos A + cos B + cos C 
*=1+4 sin -^'sin-g sin-gand Art. 4 (mj] 

17. a cot A + 6 cot B+c cot C-=2R + 2r. (K, U. 1949) 

[Hint. Put fl = 2R sin A etc. then it reduces to Q . 16] 

18. Petermine the radius of ihe circumscribed circle of 

the triangle whose sides are 5*, 7', 9*. (P. U.) 

19. Find the area of the inscribed circle ol the triangle 

whose sides are 4". 5", 7' respectively. (M* U.) 

20' The sides of a triangle are 16, 20, 33 ft. Find the 
radius of the escribed circle corresponding to the greatest 

angle. (P. U 1939) 

21. If a=53'6, 6 = 64*3, c=52'0, calculate the area of the 
inscribed circle of the triangle. (P- U. 1945) 


f 
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22. If 0=234*5, 6 = 317 and r=341*3 ; find the radius of 

the escribed circle touching the side EC. (P. U* 1945) 

_ abc (cot A+cot B+cot C) 

23. Prove that R= 

(D.U. 1935) 

24 Show that a cos A + 6 cos B4 c cos C=4R sin A sin B 

sin C. (P U. 1955) 

1 , 1 L 1 1 4R 

25. Show Jhat — a + TZIfc + A 

26. Find the radius of the escribed circle of a triangle 

AHC corresponding to the angle B. (P. U. 1956) 


CHAPTER n 


Logrithms 

1. The word Logarithm consists of two parts (/) log 
(meaning : ruie or plan) and (/i) arithm (meaning arithmatic). 
Consequently. Logarithm means '^a rule to shorten Arith- 
matic’*. Its invention by John Napier in 1614 was a great 
landmark in the history of the development of Mathematics, 
in the words of Laplace, '^Logarithm reduces to a few doys the 
tohour of many tnont\\s ond so doublc^^ os if were^ the (of a 
Mathematician) besides freeing him from the errors and disgust 
inseparable from long calculation" . A brief account of the 
properties of logarithms and their uses is given belovv 

2. We known that 2^ = 8, where 2 is the base and 3 is the 
index of the power. This is also expressed by saying that 
logarithm of 8 to the base 2 is 3 and is written as 
Similarly 4®=64 is written as log464 = 3; and in general if 
a*— N, then loga N = x. 

Definition : -The logarithm of a number to a given base is 

the index of the power to which the base must be raised in order 
to make it equal to the given number 

Ex 1 . Find the logarithm of 81 to the base 3. 

Let log 3 8 1 - X, 
then 3^ = 81 
or 3^—3^ X'=4 

Ex. 2. Find the logarithm of 64 to the base ] 6. 

L»*i logio 64~x 
16-'r.64 




or 2*^ = 2®, 4x = 6 i. e. x=l. 


Particular cases. 


(1) V /. log« 1 =0 

/. e. log 1 to any base-=0. 
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(2) V a^=a, logafl= I 

I e. log of any number to the same number as base 
is unity. 

= —0, where a>l 

(3) V a ^cc 

logo 0 = — CO ; where a> 1 
j _ 00 is the logarithm of 0 to base a (fl > 1 ) 

^ 4 ) . . = — 7 is not satisfied by any real value of.r{a>0) 

/. The logarithm of a negative number to any positive 
base is imaginary. 

/. e. a negative number has no logarithm. 

4. Corresponding to the 3 laws of indices . 


/ m\n _ mn 

\a / “ Cl 

wc have the 3 fundamental laws of logarithms, viz 
(/) log,,nin = logam + log„n 

{Hi) log,.-^-=log„m-Iog,n 

{Hi) log^m^^n log^m. 

we shall prove these in the following articles. 

5. To prove that log .mn = log,. m + log n. 

i e. the log of the product of two factors is equal to the sum 
of the logs of the factors 

Proof. Let log^ni = .i:, and log„ n=y 
so that m = fl^ and n = a'' 

log,, mn=x+y = l®8o ui-f-logj n. 
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Note 1. If should be carefully noted that logo ('” + ”) 
is not equal to logo m+logo n. 

Note 2. By a similar method of proof the formula can 
be extended to any number of factors i. e. logo (ww/? ) 

== logoW + logo n + logo P+ 

6. To prove that logo -^=Iogam— logoO 

/. e. the logarithm of a fraction is equal to the logarithm 
of the numerator minus the logarithm of the denominator. 

Proof. Let ]og„m=x and logo «=>» 

so that m = a^ and n=a'-'. 


s • 


n a*' 


logo =x— y = Iogom-logon. 

7. To prove that logo ni"=rt logoin 

I. e. the logarithm of any power of a number is equal to the 
index of the power into the logarithm of the number. 

Proof. Let logam=Ar, then m^a* 

/. logoin"=ox=nlogom. 

Note. It follows that in working with logarithms of 
numbers, the process of 

(a) Multiplication is replaced by addition, 

{b) Division ,, subtraction^ 

(c) Involution ,, multiplication. 

(rf) Involution „ „ Division. 

Ex. Show that logo “^'^=4 loga*+5 logo J*— logoZ 

—logo logo (Art. 6). 


log 
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=o\ogaX* + — (log.z’+log.r®) 

=4 loga^-}-5 log«>’— 7 log,r— 9 log«f. 


(Art. 5) 
(Art. 7) 


8' Transformation of bases of logarithms. 

To prove that logam=log6mx log.^ 

Proof. (/) Let logbm=3e and loga*=>' 

then m=b* and b = d'' 


Cor. 

Note, 


Iogom=xy=!ogbmxlogab 



logbm= 


iogam 

iog,.b 


This is the formula for change of base. It enables 
us to find the logarithm of m to the base b, when 
the logarithm of m and b each to the base a is 

known. 


Cor. iii).\ogt,a'X^og,,b^\ 

Proof. In the above formula, put m=a 

Iogoa=log,,aXlogab. 

V l = logbaXlogo6 


Cor. (/•«) log.o= 

Ex Given logio3=*4771, find logalO 


Sol. logs 10 


= -=2 


logio3 


4771 


096. 


9. Two systems of logarithms arc in use 

1. Common Logarithms. When the number 10 is taken 
as the* base of logarithms the system is known as Common 
Logarithms, so called because it is used commonly dn all 
practical calculations. 

2. Natural Logarithms. In all theoretical calculations 
in higher Mathematics logarithms to the base e are used, e 
being the sum of the infinite scries 
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H-l+j-^+|-^+ 00 , =271828 approx.) 

These logarithms aie known as Natural or Napierian 
Logarithms after the name of Napier who first calculated 
these to base e. 

Note. In this book only the common logarithms will be 
used. In writing such logarithms the base will 
be omitted, so that Iogio28 is written simply as 
log 28. 

16. Two parts of Common Logarithm. The logarithm of 
a number is not always integral. Thus since 10*= 100 and 
10*= 1000, the logarithm of a number like 534 lying between 
100 and 1000 will be between 2 and 3 and will be*=2+ 
a positive proper fraction. 

Similarly since log *01=Iog 10”*=— 2 
and log *001 =log”*=— 3 

/. logarithm of any number like ’003, lying between *01 
and ’001 is a negative number greater than — 3 but less than 
— 2 and may be written = — 3 -|- a positive proper fraction. 
Thus the common logarithm of a number consists of two 
parts {i) integral and (//) fractional. The integral part is 
called the characteristic and the fractional part, which must 
be positive, is called the mantissa.. 

Ex. The logarithms of two numbers are 
(i) 2*4771 and (iV) —4*235 

Find the characteristics and the mantissae. 

Sol. (/) Here 2 being the integral part is the character- 
istic and .4771 being the positive fractional part is the man- 
tissa. 

(i7) — 4-236= -4- *236= -4-1 -M- *236 

= -5-i-(l— *236)=— 5-f764 

Here — 5 is the characteristic and *764 which is the posi- 
tive fractional part is the mantissa. 
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Note. 1. 

« 

Note. 2. 


To make the decimal part positive we must 
subtract I from the integral part and add 1 to 
the decimal part. 


For brevity — 5-h*764 is written as 5.764. 
The horizontal line, called the bar, over 5 deno* 
tes that the integral part alone is negative ) 
while '764 is positive but in —5*764 both 5 and | 
*764 are negative. is read as 5 bar. [ 


(I 


11. To show that the characteristic of the logarithm of ' 
any nnmber N can be written down by inspection. 

Case 1. Let the number N be > 1, having n digits in its I 
integral part, then since. i 

(/) a number has 1 digit in its integral part ' 

when it lies between 1 and \0 i e. (10)® and (10)* 


(ii) a number has 2 digits in its integral part. 

when it lies between 10 and 100 i.e. between 
10* and 10*. 

Therefore, the number N which has n digits in 
its integral part, lies between 10""* and 10". 

(fi — 1) + a fraction. 

N^\0 . j 

log yY=(/i— l)-ffl fraction. 

Hence the characteristic is n — 1. 

Therefore the characteristic of the logarithm of a number 
greater than unity is one less than the number of digits in the 
integral part of the number. 

Case II. Let N be positive and <!» having n zeros immed* 
lately after the decimal point, then since. 

(i) a number has one zero immediately after the decimal 
point (as in *07) when it lies between .01 and .1 
I. e. between 10"* and 10"* 

(ii) a number has 2 zeros immediately after the decimal > 
point (as in *003) when it lies between *001 and *01 j 
/. e. between 10"* and 10~* and so on. ' 

Therefore the number N which has n zeros immediately 7 
after the decimal point lies between 10”("+*) and 
10 -^. : 
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^(n-\-\)-\-a fraction 

Ar=io 

log — (n+l)+a fraction 
Hence the characteristic is — (n + O* 

Therefore the characteristic of the logarithm of a number less 
than unity is negative and numerically greater Ip one than the 

number of cyphers immediately after the decimal point. 

Thus the characteristics of the logaiithms of the numbers 

6745, 67‘45 and 648-3 are 3, 1 and 2 and the 

characteristics of the logarithms of the numbers 0043. 02503 

and 73435 are— 3,— 2. and — 1 respectively. 

12 To show that mantissae of the logarilhms of all 
numbers consisting of the same digits arranged in the same 
order but differing in the position of the decimal point are 

the same. 

If any two numbers have the same digits arranged in the 
same order, they differ only in the position of the decimal 
point, so that one number must be equal to the other multi- 
plied by some power of 10. Hence logarithms differ by an 
integer i. e. in their characteristic only. 

For example, if log 6’804=*8328, 

then log 68*04=log (6*804x 10) = log 6*804+ log 10 

= •8328+ 1 = 1-8328. 

and log •06804=log (6-804X 10-2) = log 6-804 + log 10'^ 

=2.0328 

13. Advantages of common System of Logarithms : — 

The common system of logarithms has the following two 
imp^^rtant advantages. 

1. The characteristic of the logarithm of any number 
can be found out by inspection 

2, The mantissae of the logarithms of all numbers 
consisting of the same digits arranged in the same 
order (i. e. of numbers differing only in the position of 
the decimal point) arc the same. 
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Ex. 1 . If log 7645=3*8834 find out the logarithms of 
7*645, *07645 and *0007645. 

Since these numbers consist of the same digits in the 
same order^ their logarithms will have the same 
mantissae but different characteristics. 

Hence log 7.615»=*8834 
log •07645=“2.8334 

log *0007645=~4.8834 
Ex. 2. Give log 2=-3010, 6nd 

(i) log *0016 
(//) log *0005 

_I6 (2)* 


(M. UO 
(M. U.) 


Sol. ( 1 ) Since *0016 


10000 “ ( 10 )* 


log 0016=4 log 2—4 log 10=4 log 2—4 

= — 4+4(*3010) = — 4-i-l-2040="3.2040 


=ro-o6o= 


5X2 


1 


10000x2 108x2 

log •0005 = log 1—3 log 10— log 2= — 3— *3010 
= -3- 1 + 1 -*3010= T6990. 

Ex. 3. Given log 2 = '30103, find 

(i) the number of digits in 2®® and (/7) the 
position of the first significant figure in 2“**. 

Sol. {/) log 2S«=56 log2 = 56x*30103=16*85768 

Thus the characteristic is 16 

Hence the number of digits= 16+ 1 = 1 7. 

(II) log 2-“=— 25 log 2 = -25x*30103 = — 7*52575 

= 11.47425 

Hence the characteristic is — 8. 


/. number of zeros immediately after the decimal point 

=8-1 = 7. 

Thus the first significant figure is in the 8th place 
after the decimal point. 
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Ex, 4. Given that log 3=-4771, log 7=-8451 and 
loff 11 = 1-0414. solve the equation 

(P.U.1943S) 

Sol. Taking logarithms we have 
log 3* - 1 -log 72 *+i=log ll*"^ 

«log 3+(2x+l) log 7={x-f5) log 11 

A *(log 3+2 log 7-log ll) = 5 log 11— log 7 

5 log 11— log 7 


or 


log3 + 2 1og^^^ 11 

■^•2070— ‘8 451 
*= -4771 + 1^02- r0414 


4 361 9 nearly. 

- 1-1258 

Note When the logarithms of certain numbers are given 
^ ^ the question, only those and no others shou d 

be used (excepting those of 1 and powers of 10 
xailiirh are obvious). 


Exercise 23. 

1 (a) Write down the characteristics of the common 
^ logarithms of the following numbers : 

a) 3576 (li) 478965 (in) *5487 (iv) '00345 
(V) 0000032 
(b) Find the value of : — 

(I) log, ,256 {it) log8l28 (hi) logBi729 

2. Iflog8543=:3*93l7 find the logarithms of 

8-543, 854-3, *008543. 

3. If a, hf c, d arc any positive numbers prove that 

log -f’- + log ac + ab ““ 

4. Given log 2 = -3010, find the values of 
(0 log 6-4 (il) log -0025 (Hi) log {6-4)-> 
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5. Give log 3— •4771, find the number of digits in 3« 

and Che position of the first significant figure in 3^** 

(P. U. 1951) 

If log 2=*30I03, find the number of digits in 2“ 

(J. & K. U. 1958) 


6. 


7. 


8 . 


Gwen log 2=-3010, Iog3=-477I, calculate to two 

decimal places the values of 

(0 log, 27 («) log,IO. U ) 

thowthat 

X log— =logo 

’ '“g-”- iog^ 

(P U. 1931) 

solve Z eq°'a''do"n',°fi = ''“'°- '°g ^ = - 8 «l, 

(0 2*x3»*+* = 7^'^ (//) 2 *. 3 ^+< = 7 * 

Use of Logarithm Tables 

.1 4 . “.WSt iSrS ‘ l444.toM.6U., 

The mantissa alone is obtained from the tables. 

end ontt^otconsi^forrp:;.,:-"^ ‘'™ Pages, given at the 

to-JD ^“"‘a'ns numbers from 10 

figuL oT^hc n„mbe'f '-so significant 

2. Next 10 columns arc headed by 0, J. 2 3 9 Th..«. 

correspond to the third figure of the mLbcr. 

beaded by^'figur^r'rr “9 ‘Th" 

fourth figure in the number. “ correspond to the 
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To find the mantissa of the logarithm of a number con- 
sider the number as if it has no decimal point in it. Then pick 
out the horizontal row containing the first two significant 
figures in the first column and the vertical column corres- 
ponding to the third figure and note down the number at 
their junction. Add to this number the number in the same 
row under the mean difference column headed by the 
fourth figure. 

Note 1. The mantissae.are given correct to four decimal 
places with the decimal point omitted (for 
convenience of printing.) 

For example, let us find log 5243. 

The characteristic in this case is 3. 

For mantissa we note that the first two figures from the 
left form the number 52, the third figure is 4 and the 4th is 3. 

Now looking in the horizontal row containing 52 and 
under the column headed by 4 we find the number 7193 at 
the junction. Passing along this row and under the mean 
difference column headed by 3, wc find the number 2. 

the mantissa=7i93-b2 = 7195 (omitting decimal pt.) 
mantissa = ’719'. 

Hence logarithm = 3 7195. 

Note. To find the mantissa of the logai ithm of a number 

which does not contain four significant figures 
wc add zeros to the right of the number until it 
contains four figures. 

Ex. Find log 6. 

Here characteristic is zero. 

Adding zeros to the right of 6, we get 6000- From the 
tables, the mantissa = ‘7782. 

Hence log 6=0.7782 

(6) To find the number whose logarithm is given. 

This is done with the help of the table of aolMogarithms, 
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The first column in the tables contains number from 
•00 to *99 and the other columns are similar to those of 
logarithm tables^ 

We do not consider the characteristic at first and look 
for the first two significant figures of the mantissa in the 
first column of the table. Moving along the row containing 
these and under the column headed by the third 
of the mantissa we find the number at the junction. To 
this we add the number at the junction of the same row 
and under the mean difference column headed by the Jourtn 
figure of the mantissa. 

The position of the decimal point is determined from 
the characteristic as it gives us the number of digits in the 
integral part, or the number of zeros immediately after the 
decimal point, of the required number. 

Ex. Find jr, when log 1*8762. 

We do not consider the characteristic at first. 

Looking for the number *87 in the first column and 
moving along the row containing it under the column headed 
bv 6 we find the number 7316. In the same row under the 
rncan difference column headed by 2 we obtain the number 3. 
Adding 3 to 7516 we get 7519. 

Since the characteristic is 1, the decimal point will be 
placed after 2 figures. Counting the figures of 7519 from the 
left we have a: = 7519 

Ex. 1. Find the value of (2‘709)^ X (1*2387)^ 

Let:t=(2*709J^ X (1-2387)^ 

Taking logarithms, 

log x=l log (2-709) + ^ log (1*2387) 

«J[*4328] + H‘0930] 

= *0866-h •0133=0*999 

From anti-log tables, Ar= 1*158. 

Ex. 2. Rs. 100 invested in a post-office cash certificate 
becomes Rs. 150 after 12 years. Find the rate percent of 
compound interest. 
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The formula for Amount in compound interest is 

<■+ 

Here A= 150, P=100, /=12 yrs. 


Taking logarithms, 12 log 3— log 2 

r. . r ~\ log 3-log 2_-4771 -*3010 

lo^ [_!■*■ 100 12 12 


1761 

12 


0147 


/. 1 + 


100 


1-035 


r=3-5% 

Exercise 24. 

1. Find the logarithms of : (i) 45'93 (ii) *0927 (Hi) (2*7)“ 

2. Find the antilogarithms of : (i) 0*4962, (n) 2*0930 

{///) ^328 

3. Find the value of : (0 (58*95)^ 


h 


(«) 


u.) (,70^5:^07^^P. 


(380)* 


(•005) 




m 


(21*65)2 X (0-75)^ 


t 


(P. U. 1954) 


(12*56)Tx (75*18) 

4, Find the 5th root of 256-4. 
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5. The post office 5 year cash certificates for Rs. 500 are 
obtainable at an issue price of Rs. 440, 10 as. Find 
the rate per cent of compound interest. (P. U. 1940) 

15. (n) Tables of oataral TrigoDometric-ratios. 

Along with the tables of logarithms and anti-logarithms 
are given the tables of Natural T-ratios. Since the T-ratios 
of any angle can be expressed by T-ratios of an angle lying 
between U* and 90®, the tables give T-ratios of angles between 
0° and 90® only. Each table is divided into 3 sets of columns ; 

(1) The extreme left column headed by Degrees. 

(2) The next 10 columns headed by 0' ,6', 12'. ..,54'. 

(3) The next 5 columns headed by 1, 2, 3, 4, 5 and known 
as mean difference columns. The numbers in these columns 
are to be added in the case of sine and tangent and subtracted 
in the case of cosine, because sin 6 and tan 6 increase with $ 
whereas cos 0 decreases as 6 increases. 

The cosecant, secant, or cotangent of an angle can be 
calculated by taking the reciprocaU of sine, cosine or tangent 
of that angle respectively. 

Ex. 1. Find (i) sin 39® 28' (/i) sin 136® 20' 

Turning to the tables of Natural Sines we spot 39 in the 
extreme left column of degrees. In the horizontal line containing 
39 and under 24' (nearest multiple of 6' ia 28') we find 
the number 6347 at the junction. In the same row and under 
the mean difference column headed by 4' we find the number 
9 at the junction. Adding 9 to 6347 we get 6356. Prefixing 
the decimal point shown in that row under the column headed 

by O', we get sin 39® 28'=*6356. 

(//) sin 136°20' = sin ( 180®-43® 40') -sin 43® 40' 

= •6904 

Ex. 2. Find cos 35° 47'. 

Turning to the table of Natural Cosines, in the horizontal 
line of 35® and under 42', we find the number 8121 at the 
junction. In the same horizontal line and under 5 in the 
mean difTerence column, we get the number 8. Subtracting 
8 from 8121 we get 8113. Prefixing the decimal point we 
have cos 35® 47' = ’81 13. 
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Note. We can also get cos 35* 47' by finding the sine 
of the comlimentary angle 54* 13 . 

Thus from Natural Sine tables sin 54“ 13 ^'81 14. 

Ex. 3. Find tan 64‘ 45'. 

Turning to the table of Natural Tangent, in the horizontal 
lineor64“ and under 42'. we find the number 1155 at the 
junction. In this same horizontal line and under 3' in the 
mean difference columns, we get the number 47. 

47 to 1155 we get 1201. Prefixing the m/eger 2 before. *1202 
as given in that row under the column headed by 0 wc get 
tan 64“45' = 2-1202. 

Note, cot 0 can be found with the help of the tangent 
of the com[)!imcnt off? /. e., from tan (90’ — ff). 

(h) To find the angle when any one of its T-rallos is 

given. 

Ex. 4. If sin 0=‘51 , find 0. 

Turning to the table of Natural Sines, the number nearest 
to '51 (/. e. '5100) is '5090 which lies at t'ne junct»ot» ot 30 
and 36'. The remaining difference of 10 is to be looked for 
in the mean difference columns. In these columns 10 occurs 
under 4'. Adding 4' we get 0 = 30“ 40'. 

Ex. 5. If cos 0='5O85, find 0. 

Turning to the table of Natural Cosines, the number 
nearest to *5085 is *5075 which lies at the junction of 50 
and 30'. The remaining difference of 10 is to be looked for 
in the mean difference columns. In these colums 10 occurs 
under 4'. Subtracting 4' from 59* 30' we get 0 = 59“ 26 . 

Ex. 6, If tan 0=1*6020, find 0. 

Turning to the table of Natural Tangents the number 
nearest to 1*6920 is 1*6909 which lies at the junction of 
59“ and 24'. The remaining difference of 1 1 is to be seen in 
the mean difference columns. In these columns II occurs 
under 1'. Adding I' to 24' wc get 0=59“ 25'. 
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16. Tables of Logarithms of Trigonometric ratios. 

These tables give the logarithms of the trigonometric 
ratios of all angles from 0* to 90** and are consulted in the 
same way as the tables of Natural T-ratios. 

Ex, 1. Find (i) log sin 49* 26' and (i7) log sin 156® 44/ 

(/) In the table of logarithms of sines, along the 
horizontal line containing 49® and under the column 24' we 
find the number 8804. In the same line and under the 
mean difference column headed by 2' the number is 2. Adding 
2 to 8804 we get 8806, which is the mantissa of log sin 49® 26 . 
The characteristic 1 is shown only in the column under 
0' i^ the horizontal row containing 49®. Hence log sin 49® 26' 
= F8804. 

(n) log sin 156® 44'=log sin (180®-23® 16') 

:=Iog sin 23® 16'= 1-5966. 

Ex. 2. Find log cos 36® 34'. 

In the tables of logarithms of cosines, along horizontal 
line containing 36® and under the column 30' we find the 
number 9052. In the same line under the mean difference 
column headed by 4', the number is 4. Subtracting 4 from 
9052 we get 9948 which is the mantissa of log cos 36° 34'. 
The characteristic 1 is shown only in the column under O'in 
the horizontal row containing 36®. 

log cos 36® 34'= T9048. 

Ex. 3. Find log tan 40® 45'. 

In the tables of logarithms of tangents, along the 
horizontal line containing 40® and under the column 42' we 
find the number 9346. In the same line under the mean 
differenoe column headed by 3' the number is 8. Adding 8 
to 9346 we get 935^ which is the mantissa of log tan 40® 45'. 
The characteristic I it shown only under 0' in the row 
containing 40°. 

log tan 40® 45' = r9354. 

17. Tabular logarithms. Since the sine and cosine of an 
angle are always less than one, the characteristics of their 
logarithms arc always negative. The same is the case with 
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the tangent of an angle less than 45®. To avoid the 
inconvenience of printing bars over the characteristic, in some 
tables the logarithms ol the T-ratios are increased by 10 and 
arc called Tabular Logarithms. 

The Tabular Logarithm is denoted by the capital letter 
L instead of log. Thus 

(i) L sin 49® 26' = lO+log sin 49® 26'= 10+"*8806 
^ =9*8806. 

(I'O L cos 36® 50' = 10+log cos 36® 50' 

= 10+'l9033 
= 9*9033 

(III) L tan 44® 22'=-10+log tan 44® 22' 

= 10+T9904=9'9904. 

Again, let us find 0. given : — 

(i) L sin 0 = 9-62, 

(li) L cos 0=9*2121 
(m) L tan 0=9*9422. 

(0 L sin 0 = 104- log sin 0=9*62 
.*. log sin 0=9 62— 10 
= -14- -6200 
= 1.6200 

A e=24® 38'. 

(/) L cos 0 = lO4-log cos 0=9*9121 

.*. log cos 0=9-9121—10 
= -14-9-9121 
= '1-9121 

.*.0 = 35® 14'. 

{Hi) L tan 0= 104-log tan 0=9-9422 

.Mog tan 0=9-9422- 10 
= — 14- 9422 
= 1*9422 

.*. 0=41® 12'. 
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Note. In order to get logarithm of a T-ratio, 10 should 
be subtracted from the characteristic of the tabular logarithm. 

18. The Principle of Proportional Parts. If we have to 
find the logarithm of a number^ not contained in the tables, 
or of a number which lies between two numbers whose 
logarithms are known, we apply the Principle of Proportional 
Parts. It states that the increase in the logarithm of a number 
is proportional to the increase in the number itself i. e. the change 
in the T-ratio or in the logarithm of a T-ratio is proportional 
io the change in the angle itself. 

Note, The increase or change referred to above must 
be small as compared with the number, otherwise this principle 
does not hold. 

Ex. 1. Given log 37*25=1-5711 
and log 37-26= 1*5712, 

find log 37*255. 

Difference between the two numbers=*01 
„ ,, their logarithras = *0001 

for a difference of *01 in the numbers difference in 
logarithms^ '0001 

.*. for a difference '005 in the numbers, difference in 
logarithms = X*005=*00005 


.-. log 37*225=1*57115. 

Ex. 2. Given that log tan 36* 47'="l.8737 

and log tan 36® 48'= "l‘8740 
find log tan 36* 47' 40' 

Difference in ang!cs=r = 60' 

Diffeience in logarithms = *0003 
.*. for a difference of 60' in the angle difference in 

1 ogari t hms = *0003 

.*. for difference of 40' in angle, difference in logarithms 


*0003 

60 



40— *0002 
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Hence log tan 36* 47' 40'= 1.8737+ 0002 — 1.8739. 

Note 1. Convciscly : given log tan 6=1*8739 we can find 
that 6 = 36* 47' 40'. 

Note, 2: Working with the four figure tables we can only 
aim at finding angles correct to the nearest minute. T/te 
principle wil! he used only when so required. 

Exercise 2S. 

1. Find from the tables the values of : — 

(0 sin 52* 17' (ii) cos 32* 47' {///) tan 108* 52' 

(v) cot 56* 42' 

2. {/) log sin 43* 42' (n) log cos 72* 27 . 

Find the values of 6 lying between 0* and 90* when 

3. (0 sin 6--^ -2764 (n) cos 6 = *728^ 

4. log tan 0— 1.7547 (ii) log sin 0= 1-5553 

5. Given log sin 27° 37'= r 666 l 
and log sin 27* 38'= p66G4 

find log sin 27* 37' 20" and log sin 27* 37' 45" correct to 
four places of decimals. 

6 . Given log sin 23* 18'= 1.5972 

and log sin 23* 19'= i .5975. 
find 6 , where log sin 0= 1 . 5974 , 

7. Iflog 4=602 and log 5 = ’6990 find log 4 5. 

8 . Find the values of (i) L sin 25* 36' (/7) L tan 44* 52'. 

9. Find a mean proportional between ^ ”M73 and 

V'256T (P. U. 1953) 

10. \Viitc <lown by using tables, the values of cos 255* 17’ 

ai:d cot 125* 15'. (M. U.) 

(ii) Find (to the nearest minute) the angle whose tangent 
is 2-4 (li. U.J 

11 . irrt*+62 — 7a^^ prove that 

loK [i (a + 6 ,] = i [(log a + log b] (P. U. 1949) 

[Hint. Add 2ab to both sides and take sq. root] 

12. Find the most gcjtcral value of x which must satisfy 
the two equations cos ^ = S and cot x = — 4 . 

(P. U. 1954) 



CHAPTER XII 
Solution of Triangles 


Def. The 3 sides and the 3 angles of a triangle are known 
as six elements of a triangle. Given 3 of these elements {one 
at least being a side), the other 3 can be found by calculation. 
The process of calculating the unknown elements from the 
known ones is called the solution of a triangle. 


Problems on heights and distances in Chapter V, which 
the student has already tackled, were nothing but solutions 
of a rt. angled triangle. Here was shall solve triangles in 

general -{rt. angled as well as oblique-angled) making use of 

logarithms in our calculation. 

1. Right-angled triangles. 


Case I. Given two sides, to solve the triangle. 


Ex. Given a=321 *4. b= 123*9, solve the A- (P.U. 1952) 


Sol. 


tan 



b _ 123 9 
a 3214 


log tan B = log 123‘9 — log 321*4 
= 2 0931-2 5073 
*—0 41394-1 — 1 
= 'j-5861 
B=2r 5' 


A = 90'’-B=90''— 2r5' 

= 68^ 55' 



C^J 


Again, sin B== - - 

c 

log sin B=log b — log c, 
logc=log 6— log sin B 

==log I23*9-log sin 21* 5' 


*2*0931 — “r5559 
=-2*5372 
c*= 344*5 


B=21“5',A=68°55', c-=344*5 
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Case II. Given the hypotenuse and one side, to solve 
the A- 

Ex. Gizcn c=4320, 6 = 2514. solve the A* 

Sol. sin B=: — - 

e 

log sin B=log b — log c 

=log 2514-log 4320 
=3*4000— 3-6355 = —-2351 + 1 — 1 
= “r7649. 

B = 35Mr 

A=90®— B=90‘’— 35Mr = 54'’19'. 

Again, *^—=510 A 

log n=log sin A + log c 

=log sin 54°19'+log 4320 
= r-9097 + 3 6355 
= 3*5452 
a=35I0. 

Case 111. Given one sido and one angle, to solve the A- 
Ex. Given 6=212, A=15®12', solve the A- 

Sol. tan A = 

0 

,*. log fl=log tan A+log b 

= log tan 15* 12'+log 212. 

— T4342i-2 3263 
— 1-7604 
A a— 57*59. 

B=90*-A=90*-15* 12' 

-74* 46'. 
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Again -^=sm A 

.% log r— log a— log sin A 

= log 57*59— log sin 15“ 12' 

= 1*7604— 1-4186 
=2*3418 
c-219-7. 

Case IV. Given the hypotenuse and one angle, to solve 

the A. 

Ex. Solve the rt. /.d A (C = 90“), given ihat c=7*54, 
B=48“ 21'. 

Sol. --- = sin B 
c 

.% log /> = log c + log sin n 

= log 7-54-log sin 48“ 21' 

= •8774+ j-8734 
= •7508 
/»=5 633. 

A=90“-B=90“-48° 21' 

= 41“ 39' 

Again =sin A 

,*. log a = !og c+log sin A 

= 7*54 + log sin 41“ 39' 

= *8774+ri«I7 
=•6991. 
a = 5. 001. 

EXERCISE 26. 

In the following triangle', C = 90“. solve the triangles. 

1. a = 313, ft=26-9. 

2. c=823*l, £3=237*5. 

3. £1=1*732, A = 7“ 43'. 
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4. A=33® 22', c=29'9. 

5. a=U7 24, 6 = 236-28, fine] c 

6. c=13 5, 6 = 9-72. 

7. 6=6*36, A = 38^ 52'. 

8. f = 27, B = 64° 30'. 

2. ObIique«aDgIed triangle. 

Four standard cases arise. 


Case 1. To solve the triangle, given Its three sides. 


F/rst Method. If lengths of the sides are small (/. e. 
whole numbers of one or two digits only), the cosines of any 
two of the angles may be found by the cosine formulae 


cos A = 


If i 4- (-2 — 

~2bc 


The third angle can then be obtained from the rclatinn 
A + B4-C=180". 


Second Method. When the lengths of the sides arc bigger 
numbers of 3 or 4 digits, logarithms will shorten the work 
The best formulae for logarithmic calculation are 


tan 2 ^ angles arc required. 

Taking logarithms, log tan =\ [log (5_6)+log (s-c)-logs 

— log (.y— a)J 

This will give the value of ^ zukI so of A Similarly B 


can be found. The formulae sin ”2 “ 

cos ~ ^ can aho be used to find the angles but 

then six logarithms will have to be looked up instead of four 
(/. £ 5 , f -a, s—bf s^c) as in the tangent formula. 
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Ex. 1. Solve the triangle, given ^=*14, c— 15. 

(M. U.) 

The sides here are small, so we apply the Cosine Formula. 


196+225— 169__ 252 

V cos A= -2^^ 420 420 “ 

• A*»53® 8' nearly. (from Natural Cosine tables) 


^ 4. _ ^2 225+1 69— 1 96 

Again, cosB:* ^ — - 390 


198 

390 


=•5507 


B=59* 29' nearly. 

Hence C=180®— (A-| B)=67° 23', 

Note. We can also solve the triangle by the logarithmic 
method as illustrated in the next example. The student is 
advised to solve it himself by this method which is a general 
method. 

Ex. 2. Solve the triangle, given a = 24-76, ^=16 38, 
c=15-12, 

Sol. a = 24’76 s 0 = 3 37 log 3-37 = 0-5276 

5=16-38 5-*-=1175 log 1 1*75=1 0701 

15-82 j-c=1301 log 130-1 = 1 1142 

25 = 65.26 5 =28-13 log 2813=l-4492 

5=28.13. 

A _ / 5-5)(5-c), 

Now tan- ^ -yy sis -a) 

A 

log than 5) + !og(5 - c) - log 5 — log(5— <2)] 

= i[l -070 1 + 1114-2-1 4492 - 0-5276] 

= i[2-1843-l-9768]= 10373 
= '1038 correct to 4 places of decimals. 

:• =51® 47' or A=103® 34'. 
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g 

/. log tan-^=i[Iog(j— c)+log(^— a) — log5— log(j-6)] 

=i[l*1142+0-5276— -4492— 1*0701] 
=i[l’6418-2-5193]— 4375 

1*56125= f'5613 correct to 4 decirnal places. 

-^=20% or B=40® nearly. 

Hence C= 180“- (A + 8) = 36“ 26'. 

Note!. It is useful to check the values ois—a,s^b 
S^c by adding them up as shown above : * 

for (J - fl) H- ( j— 6) + (5 - c j = 3.J — (a + 6 + c) 

= 35—25=5, 

Note 2. If greater accuracy is desired, we use the 
pnaciple of proportional parts to find B. 

Since log tan 20“= 1.571 1 
and log tan 20“ 1'= i.56l5 

By the principle of proportional parts 

t> 

2-==20“30’orB=40“ 1'. 

C=180-(A-f B) = 36“ 25'. 

Exercise 27. 

Solve the triangle, given that 

1. fl = 8, *=9, c=I0. 

2. a=7, 6=4\/T, c= v' 13. 

3. fl=45*73, 6=23*17, c=40 52. 

4. 0 = 345*6, 6 = 456*6, c = 567 8. 


(P. U. 1952) 
(M. U.) 
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5. 

G. 

7. 


PLANE TRIGONOMETRY 


(P. U. 1946) 
(P. U. 1944) 


fl = 32. 6=40, c=66. Fin i C 
a = 4584, 6= 5140, c=3624 

Find the greatest angle, when 

(/) the sides of a triangle are 16, 20, 33 ft (P.U.1939) 

(i7) the sides of a triangle are 40, 2 t and 23 ft. 

(J. & K. U. 1955 ) 


8. Find the greatest angle in a triangle whose sides are 
7, 8 and 9 ft , having given log 3s='4771213, 
log 1-4='146I28, L cos 36* 42' = 9 9040529 and 
difference for 60'= 0000942. (J <Si K U 1949 ) 


9, Given <7=»31 9, 6 = 56 31, c = 40 27, find the angles of 
the triangle as accurately as you can (P. U ) 

10. The sides of a triangle are in the ratio 4:5:6, show 

t at one angle is twice another. (M. U.) 

[Hint. Find the greatest and the least angles]. 

11. Find the greatest angle of a triangle whose sides are 
2, 3, 4 having given log 2 = *30103, log 3 = -477!213, 
Ltan 52* 14'=1U I108195, L tan 52* 15'-= 10' 1 11 100. 

(D. U. qualifying) 

12. Given <7 = 229 2, 6=181'2, <r = 257, solve the triangle 

(P. U. 1935) 

Case II. To solve the triangle, given two sides and the 
included angle 


Let the sides a, b and the angle C be given. The formula 
suitable for the use of logarithms is the Napier’s Analogy 

A— li ii — b C a—b 

if<7>6 ...(I) 

[ But if a<.b it s6ouId be used in the form 


i t 


tan 


(-- ^ ) 


B-A b-a 

tan 2 



Taking logs of both sides of (1) wc get. 
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log tan^-=log (<7-6)-log (a+*) + log tan ^90“ 

From this formula — ~®can be obtained. As C is known 


180*— C 


A_ 1 _R , , A + B _ 

we can get — 2 — ffotn the relation 2 2 

90° - 2- 

From these two, adding and subtracting, A and B can 

be found. , o- r 1 

The 3rd side c can then be determined from the Sine formula 

. which gives c= “ After taking logs of 

both sides, c cat. be found from log c = Iog a+log sin C 
— log sin A with the help of log tables. 

Thus the triangle is completely solved. 

Note 1. If a and are small integral numbers, c can also 

be found easily from c^—a^-^b'^-~2ab cos C. 

Note 2. If o, 6 and A— B are given, C can be found by 
. A-B_ a~b ^ C 

the formula tan ^ 2 * 

Ex 1 S.)lve tlte triangle given u = 36’21, c=’30 14, 
B = 78* 10'. 

Here a>c. 

y\_C a—c B Am* ^ 

usingtan - 2 2 a + c 2 / 


A-C 


6- 07 


we get, tan ^ = gg .35 


tan 50° 55' 


log tan = -7832 + -0940-l*8218. 

= 1-0518 
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A C 

' 2 ' 


6* 26' 


But -A^_90 o_ 

. . Adding, A = 57® 2i ' and subtracting, G = 44® 29'. 

Now from u . <7 sin B 

sm A sm B 'ibTX' 

^-log a + log sin B-log sin A 
= log 36-21 -Mog sin 68“ 10'- log sin 57“ 21' 

= 1*5588+ 1.9907+ 1.9253 = 1-6242 
5 = 42*02. 

c of the f"" = """ ® 

log 2 = -3010, log 3 = ‘477l, L tan 34“ 42'— 9-8404. 
difference for I'is. 0003. 

^ 5 + c 2 


log tan 


10 “iO 

B— C 

2 * •^ + log V3 — log 10 


=2 log 2 + nog 3 - 1 

= •6020+ -2386—1 
--- 1-8406. 

.. J. tan ^ =10+ l■8406 = 9•8406 

which is greater by '0002 than L tan 34“ 42'. 
But difference for \'(i\ e 60')='0003 

difference of '0002 is due to 5X60'’ = 40' 

tx B— c 

Hence - -y— =34“ 42' 40' 
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and --=90^- A =60" 

Adding, B=-94" 42' 40" 
and subtracting, G=25® 17' 20', 


EXERCISE 28. 

Solve the triangle, given that 

1. 6=\/3, c-=l, Ac=30" (J. (£ K. U, 1960) 

2. a=V3+l,*=V'3-l, C=60®. 

3. c = 5, A==36® 52'. (P. U. 1936) 

4. 6 = 25-1, c=14-7 and A=47". (P. U. 1948) 

5. £/ = 21‘35, 6 = 35 21 and C = 50" 4B'. (P. U. 1953) 

6. Given tliat 6=130, c=72. A = 42", find the other two 

angles of the triangle. (P. U. 1949 S) 

7. Two sides of a triangle are 80 ft and 100 ft. and the 
included angle is 60®, Find the other two angles having given 
log 3 = -47712 and L tan 10® 53' 36"=9-28432. (J. & K.U, 1950) 

8 Two sides of a triangle are 5 and 4 yards and the 
included angle is 60®, Find the other angles having given 
log 3 = -47712, L tan 10® 53' = 9-28390 and L tan 10® 54' = 
9-28458. (J. & K. U. 1951) 


9. Two sides of a triangle are in the ratio 16 : 9 
included angle is 102’ 48'. Find the other angles. 



•* 6 + c 25 J 


and the 


10. T wo sides of a triangle are 3 and 5, and ilie included 
angle is 75®. Find the other angles, having given : log 2=-30l0; 
log tan 52® 30' = -ll50, log tan 10®=i-5118, diff. for 3'= 0013. 

11. l-ind all the angles, correct to the nearest second, of 
the triangle, in which 6=16-58, r=50-2, A = 37®. 

(J. & K. U. 1954) 


12. Given 6=68, c=27, 15 — C = /0®, solve the A* 
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[Hmt. From .an cot ^ . we get 

, A b-c B—C 

-2 J 

Using logs we get A. But B-i-Cl=80“— A etc.] 

Case III. To solve the triangle, given one side and any 
two angles. 

Suppose A, B and c arc given. 

C can be got from the relation A + B + C = 180®. 


a b c 

from — . 

sni A sin B sin C 


the values of a and b 


arc calculated from the relations : — 


c sin A j 1 c sin B 


Ex. 


Sol 


logarithmic tables. 

Solve the A ABC, given 

A-So" 17', C=45" 13', 6 = 421. 
B=180"-fA + C) = 99° 30'. 


a = 


b sin A 


’ sin A sin B ' ' ■ sin B 
.’. log f/^log 6-1-lug sin A— log sin B 

= Iog42 l+logsin 35“ 17' — log sin 99“ 30' 
= 1 6243 + “i-76iG- 1-9940 
= 1 3919 

fl — anti-log 13919=^^.- 2485, 


Again from 


c 

sill C 


h 

sin B 


we get c 


6 sin C 
sin B 


log c = log i + log sin C — log sin B 

= log 42-1 -i- log sin 45“ 13'— log sm 99“ 30' 
= 1*6243+ 1-8511— 1-9940= 1-48H 

c = anti-log 1*4814 = 3030, 
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Exercise 29. 

Solve the A» given that 

1. A = 80®. B=53°, *7=152. (P. U. 1932) 

2. B = 83® 36', 0 = 3^ 54' *7 = 53 Inches (P. U. 1935) 

3. B=64* 23'. C=--72^ 43', *7=18-92. (P. U. 1950) 

4. *7=15*72 ft., A = 4r 30', B = 72- 45'. (P. U. 1953) 

5. A = 72* 43', B=64^ 23'. C = 473. (P. U. 1955 S) 

6. In a triangle. base = 7 and base angles are)29®23' 
and 38* 36'. Find ihe length of the shorter side. 

7. A and B are two points 50 ft. apart on the same 
bank of a canal. C is a point on the opposite l^ank 
such that the angles CAB and CBA are 22* 80' and 
1 12® 30'. Sliow that the width of the canal is 25 ft. 

Case IV. To solve the triangle given two sides and the 
angle opposite to one of them. 

Before giving the method of logarithmic solution u c give 
here the geometrical discussion of the case. 

Let *7, b atid A be given. In the figure draw /_CAX = A 
and cut of! AC = ^. Draw CD perpendicular to AX Then 
CD=6 sin A. Willi centre C and radius a draw an arc. Phe 
following pos«ib'!ifics will arise : — 



Fig 3. Fig 4. 
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1 When A is acute. 

(f) If o<CD (=A sin A) the arc docs not cut AX as in 
Fig. 1. That is^ no triangle is formed. 

(iV) If a=Cn {~b sin A) the arc touches AX at D. 
Therefore one triangle (rt. ^cd) viz. ACD is formed 
as in Fig. 2. 

(in) If a>CD( = 6 sin A) the arc cuts AX in two points 
Bj and Bg These points are on the .same side of 
A il ci<Cb as in Fig. 3. Then two triangles ACBj 
and ACBj are formed satisfying the given elements 
u, b and A. But these points arc on opposite sides 
oi Xii a>b. In that case one triangle viz. ACBj 
alone is formed which satisfies the given elements 
a, b and A as in fig 4. 

(2) When A=90“ 

(i) Ifo>^, the arc will cut AX in two points on opposite 
sides of A forming two equal rt. /.cd triangles and therefore 
only one triangle is formed. 

(/V) Ifa<6, the arc will not cut AX and therefore no 
triangle is formed 

(///) It the arc will toucii /'.X at and thciefore, 

no ^ is formed. 

(3) When A is obtuse. 

c c 




(i) Iffl>^, the arc cuts AX in two points on opposite 
sides of A but only the A ACB, satisfies the given elements. 

(n) Ifa<6, the arc either cuts AX at two points or 
touches It on the left of A or docs not cut it at all. In either 
case no triangle is formed satisfying the given elements. 
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thcarc cuts AX at only one poin on the 
Iclt ol A. Thus, again no A is formed with the given elements. 

From the above we conclude that when two sides a. b 
and an angle, say A, opposite to one cf them is given it is 
possible to construct two different triangles provided • — 

(0 A is acute, and 
h sin A 

This is called the ambiguous case. 


Wl., distinct solutions arises only 

when the given angle is opposite to the shoitcr of the two 
given sides# 


An A triangles as in fig. 3 

A ^re supplementary ; for then in the 


the angles 
insosceles 


Z, AB,C = 1 aO-’-Z.CBjB, •■= 1 80" - ^CB, B, 
The method of solution : — 

To solve the triangle given a, b, and A. 


si^B= Tin a"' 


/. log sin B = log ^4-log sin A-logo (i; 

oh. . Now three cases arise according as the value oflog sin B 

Obtained from (1) is positive, zero or negative. 

™ then sin B>i, which is 

impossible. Hence there is no solution. 


(/V) If log sin B = 0, then sin B=1 i. e. B = 90®. Hence 
there 1 $ one solution and the triangle is rt. angled. 

(//7) Iflog sin B is negative, sin B<1, which gives two 
values of B namely B,<90; {i. e. acute) and B, the supple- 
ment of Bj (/, e. obtuse). Of the two values of B, that 
value IS to be reycc/ct/ which when added to the given angle 
A makes the sum^lfiO'^. Thus, there is either one solution 
or /K/o solutions according as only one value of B or both the 
values of B arc admissible. 
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The third angle C can then be found from the relation 
0=180'’ — (A-{-B) C will have two values Cj, C, if B has two 
values Bi, Bj. 

The remaining side c is then determined from 
c a 

sin C sin A 


i. e. from i with the help of log-: ibis*. 

sin A I to 

c will also have two values Cj, Cj corresponding to the 
two values of C 


Ex. 1. Solve tlic liianglc, given 6 = 7, c= 10, ^B= 

(P. U. 


51“ 

1937) 


From 


, . — c sin B 

we have sin C*= — 


Sin C sin B b 

log sin C = log C+log sin B— log b 

=---Iog 10 + log sin 51“ — log 7 
= 1 + T8905-'8451 


= 0454, a positive quantity, 
sin C>1. Bur this is impossible. 

Hence there is no solution. 

Note. The student should satisfy himself that tables give 
no angle corresponding to this value. 

Fx. 2. Solve the triangle, given rt=246’7 6 = 342'5, 
B = 32'’ 17'. 

Here we note that the side opposite to the given angle 
I. e., 6>a. 

We will have only one solution. 

^ a b . . . a sin B 

From — r — — =r- wc have sin A= — — 
sm A Sill B D 

log A = log n + log sin B— log 6 

= log 246‘7 + log8in 32“ 17'— log 342-5 
= 2-3921 + 1.7276—2-5346 
= 1 5851 
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/, A==22® 37' or its supplement 15/® 23, 

The second value of A is inadmissible because it makes 
sum A-hB> 180®. 

C=180®- (A + B) = 125® 6'. 


Now from 


we have c= 


b sin C 


Sin C sm B sin B 

log c = log 6 + log sin C— log sin B 

=log 342'5 + log sin 125® 6' — log sin 32° 17' 

= log 342-5 + logsin 54® 54'— log sin 32® 17' 
=-2-5346 + “i-9 128— "1-7276 
= 2 7193 

c = 524*6 (from anti-log tables) 

Solve the triangle, given /i=4*7, c=l-3, C=15 

(M.U.) 

Here c<<i, hence there is possibility of two solutions. 
a c 


• • 


Ex. 3. 




From 


. a sin C . _ sin 15® 
we get sin A= - =4-7x- . « 


sin A sin C 
iog sin A = log 4‘7+log sin 15® — log 1*3 
= •6721 +T4130— *1139 
= "19712 

.*, A = 69® 22' or its supplement 1 10® 38' 

Both the values of A are admissible because the sum 
of the obtuse value of A and the given value of C 
is < 180®. 

Let the acute value of A be denoted by A^ and the 
obtuse value by Aj. 

Bi=lR0®-(Ai+C)=95® 38'. 
and B 2 = 180 °— CAi + C) = 54® 22'. 

Now there will be two values of b, say fri and b^. 
hx c 


From 


we 


, , c sin Bj 1 *3 X sin 95° 38' 

* sm C sin 15 


sin Bj sin C 
log 6i=log 1'3 + log sin 95® 38' — log sin 15 
= •1139+ T‘9978— T-41 30 
= •6987 
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Aj ^4*997 

Similarly, A = ^sin Bg 1 -3 X sin 54° 22^ 

sinC sin 15® 

log6, = log l*3+log sin 54® 22'-loff sin 15® 

«-1139+“F9100-~r4I30 

«=-6109 


8 . 


/. *2^4-083. 

Hence the two solutions are ; — 

1. Ai = 69® 22'. B,=95® 38', =4-997 

2. Ag = no®42', Bg = 54®22', *2=4-083 

Note. It is not sufficient to say that for two solutions 
the side opposite to the angle should be less than 
the other. The compleic condition i** • 
b sin A<a<f). 

EXERCISE 30. 

Solve the triangle, given that 

1. *=I6, c=25, B = 33® 15' 

6 = 6-5, c = 3-3. C = 30® 31'. 

0=11, A=I7, A = 30° 21'. 
c=421-9. 0 = 531-4, A = 70® 15'. 

0=182-5, 6 = 82-5, A = 72® 15'. 

0 = 8231. c = 7295, C=42® 27' 

00 ^* 1 ^ other angles of a triangle when one angle 

^ - . ot’ . opposite to it is 573 ft. and another 

Side IS 394 ft., given that 

log 5-73 = 0 7581546, log 3-94=0-5954962 

L cos 22® 4'=9*9669614, L sin 39® 35' = 9*8042757, 

L sin 39® 36' =9*8044284 (A. U ) 

Point out whether the solutions of the following 
triangles are ambiguous or not. 

(0 A = 30®, f = 250 and o= 125 ft, 

(ii) A = 30°, c=150, o = 200 ft. 


2 . 

3. 

4. 

5. 

6 . 
7. 


(P. U. 1948) 
(M.U.) 
(P. U. 1937) 
(P. U. 1942 S) 
(J. & K. U. 1957) 
(P. U. 1956) 
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9* a-=2, b = 3, A = 30°. Find the other angles, given that 

log 2 = -30I03, log 3 = *47712 

L sin 48“ 35' = 9-8750l, L sin 48“ 36'=9-87513 

(J- & K. U. 1952) 

10. If A=50“, 6=1071, a=873, find to the nearest 
second, angle B. Given log 1-071= 029789 

L sin 70“=9 972986, log 8-73 = -9M014 
L sin 70“ r=9-973032. (J. & K. U. 1958) 

Trigonometrical discussion of the Ambiguous case 
From the geometrical discussion given already we have 
seen that g»ven two sides and the angle opposite to one of 
them, sometimes two triangles are possible, sometimes one 
and sometimes none. Now we shall discuss the problem from 
the point of view of Trigonometry. 

Let o, b and A be given. 


From — 


sin B sin A 


, we have sin B = 


b sin A 


(1) First let A be acute. 

Three cases arise ; — 

Case (i) If a<.b sin A, then sin B> 1, which is impossible, 
.% there is no solution. 

Case (/7) a=6 sin A, then sin B=I, .*. B = 90° 

there is only one solution and the triangle is a rt. 
angled one. 

Case (»7) If a>b S'n A, then sin B <1 

B has two values (one acute and the other obtuse) 
which are supplementary. 

Both of them are not always admissible. 

Now three subleases arise 

(a) If o>6, then A>B, i, e. B<A. 

B is acute (as A is given to be acute). Hence the 

obtuse value of B is inadmissible. 

there is only one solution. 
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(b) If a—bt then A=B. 

A B is also acute. Hence the obtuse value of B is 
inadmissible. 

/. there is only one solution and the triangle is isosceles. 

(c) If a<b, then A<B /. e. B> A. 

B may be either acute or obtuse and hence both the 
values of B are admissible. 

/. there are two solutions. 

This, in fact, is known as the Ambiguons Case. 

(2) Secondly, let A=90® 

Here Sin B = ^ 

• a 

Since a triangle cannot have more than one right angle 
therefore we cannot have more than one solution. But 
when adh or = b, sin B^l; hence no triangle is possible. 

3. Thirdly, let A be obtuse. 

Three cases arise : — 

Ca'cs (0 and (ii)., Uadb or=6, then A^B *. e; B>A 

Since A is obtuse therefore B must be obtuse. But this 
is impossible as a triangle cannot have two obtuse angles. 

A there is no solution. 

Case (m), If a>b, A>B i. e, B<A. 

Hence B may be either acute or obtuse. But obtuse 
value will be impossible hence only acute value of B is 
admissible. 

there is only one solution. 

From the foregoing discussion we sec that the only case 
in which an ambiguous solution can arise^ if at all, is when 
the smaller of the two given sides is opposite to the given 
angle. 

Thus given a. by A, the conditions for the ambiguous case 

are ; 
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(1) A is acute 

(2) b sin A<a<b. 



♦ • 


Algebraical Discussion. 
First, let A be acute. 


cos A = 


2bc 


.*. Writing it as a quadratic in c (which is unknown) 
c*— 2c. b cos A-\-b^—a^ = 0 (i) 

Solving, c— A: ^_4A2 cos=A^( 62— flS) 

= b cos Ai: Va^—b^ s'tn^A 
Now three cases arise : — 

Case (;) If a<b sin A, the discriminant a^-b- sin^A is negative 
.% the two values ol c are imaginary, 
there is no solution. 

Case (/i) If as=b sin A, the discriminant a^^b^ 

the values of c are equal. each = 6 cos A, so that 

A C 

COS A« -r- 


But from the projection formula c=fl cos B + 6 cos A 

b cos A=a cos B -f cos A 
a cos B = 0 or cos B = 0. Hence B = 90^. 

angled*; 

Case (m) If a>6 sin A, the discriminant a^~b- sinM is 
positive. 


positive'. ''‘>'“<=^‘>'■‘^‘‘■-0 real, but t.ot necessarily both 

which is 

positive, A being acute. * 


Product of the roots of the quadratic (l)=^ 2 _a 2 
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Three sub-cases further arise : — 

(a) If the product of the roots is positive and the 
sum being also positive both the values of c are positive. 

/. there are two solutions. * 

This is the ambiguoas case. 

Hence the conditions for the ambiguous case are - 
A is acute, and b sin A<a<b 

(b) If a=b, the product of the root 3 = 0 , and the sum 
being positive, one value of c is zero and other is positive. 

there is only one solution (Isosceles A)- 

(c) If < 2 > 6 , the product of the roots is negative, and sum 
being positive, one value of c is negative which is meaningless. 

there is only one solution. 

2 Secondly, Let A = 90® 

then a^—b^ 

Case (/) and (//)• If aKb^c will be imaginary. Ifj— c=0 
no solution is possible. 

Case (m) If a>b, c will have two values, one positive and the 
other negative. 

The negative value is meaningless. 

there is only one solution. 

(3) Thirdly, let A be obtuse. 

Then sunt of the roots of quadratic ( I ) «2b cos A 

(which will be negative) 

and product of the roots of quadratic ( 1 )=A^ — 

Now three sub-cases arise : — 

Case {i) ifcicib, the product is positive and the sum is negative, 
both the values of c arc negative, 
there is no solution. 

Case (//) If a = b. the product=^0 and the sum is negative. 

/. one value of c = 0 and the other is negative. 
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there is no solution. 

Case {m) If a> 6 , both the product and the sum are negative, 
one value ol c is negative and the other is positive. 

/. there is no solution. 


Exercise 31. 

1. In a triangle 6 , A are given, prove geometrically 
that there will be two solutions if A is acute and b>a>b sin A. 

(P. U.) 

2. (i) If 0 , 6 , Abe given parts of a triangle, and Cj, c, 
be the two values of the third side, show that : 

^i +^^2 = 26 cos a, and Cj C 2 = b^ — a ^. U ) 

(h) Show that the difTcrcnce between the two valuer rtf 
c is 2\/o®-62 sin2 A. 

3 In the ambiguous case a, b, B being given where o >6 
if c, c' be the values of third side, show that ’ 

c* — 2cc' cos 2B-hc'2 = 4A* cos*B. (D, u 1934 ^ 

4 . In a triangle ABC, 6 , c. B are given, also 6 <c; show 

that (oi*“ 02 )*+ (oj + Oj)* tan^B—-46* 

where Oj, are the two values of the third side. (P. U ) 

5 State the number of solutions in the following 
( 1 ) B=30“, c=16, 6=^8 
iii) Br=30% c^l 6 , 6=12 
{Hi) B=30%c=16,6=6. 


CHAPTER XIII 
Heights and Distances. 

The most important practical use of the methods of 
solving triangles consists in their application to the deiermin- 
tion of heights and distances of inaccessible objects and is of 
great importance for a surveyor, an engineer or a map-maker. 

Simple problems involving solutions of right-angled 
triangles tvere discussed in Chapter V. Here we shall deal 
with problems requiring solutions of triangles in general. 
Solutions of the problems will be much simplified by drawing 
neat diagrams and marking the given lengths and angles. The 
students should be able to write down sufficient number of 
equations by means of w'hich the unknown quantities can be 
determined, and choose only such formulae as are suitable for 
logarithmic calculation. 

Two types of problem? will be illustrated below by 
e.xamples : — 

1. Those in which the objects all lie in one plane. 

2. Those in which the objects do not lie in one plane. 

Def. hor measuring angles a practical surveyor uses : — 

1. A Theodolite — which is an instrument for measuring 
angles in a horizontal or a vertical plane (i. e. angles of eleva- 
tion and depression). 

2. The Sextant — which is an instrument for measuring 
angles that do not lie itt a horizontal or a vertical plane 
(e. g. an angle between lines draw’n fiom the observer’s eye to 
two distant objects not iri the same line with the observer). 

1. To find the height and distance of an inaccessible 
object using two points of observation. 

Ex. I>Q is a tower, C and D arc two points distance a 
apart in a horizontal straight line through Q the foot of the 
tower. If the angles cif clc\’ation of P at C and D are a and 
ji respectively, find the iieiglit of the tower and its distance 
from IJ. 
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Let FQj=x and DQ.=>' 

In A PCD. we have 

PD a o 

“ shTCPD*'^* sin (P— a) 

..ru-sjn {^-a) 

But x=PD sin p 
and >» = PD cos p 



a sin a sin P , a sin a c^s_P_. 
sin (p — o) sin (P— a.) 

Thus X and y have been obtained in terms of expressions 


suitable for logarithmic calulation. 


Ex. 2. A person walking along a straight road observes 
that at two consecutive mile-stones the angles of elevation of 
a hill in front of him arc 30“ and 75“ Find the height of the 


hill. 


(K. U. 1955) 


Let ht. of the hill=x 

„ , a sin a sin P _ l.sin 30“ sin 75“ 

then, from Ex I, p-a iur45“ 

log x=log sin 30“-i-log sin 75“ — log sin 45 

= 1 *6990 -!-^■9849— "■1-8495 

= "1-8344 
x='683 miles. 


miles 


Ex. 3. If in Ex. 1, G and D arc not in a horizontal line 
through Q,, find the height of the tower, being given 
that Z.PCQ,= «,APCD = p and Z_PDC = y. 
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From A PCD, we get 
PC_^ a 

sin Y sin ZCPD 

a 

i e. — 

sin ( 180 — p-f-y) 

• pr— — 

*• ^ sin(p-f-Y) 

Now From A PCQ, we have 

;c = PC sin g^g.sin a 

sin (^4-y) 

Thus X is determined by a 
calculation. 


P 



formula suitable for logarithmic 


Ex. 4. PQ is a hill and P is its top. C and D arc two 
points distance a apart along a straight line inclined at an 
angle a to the horizontal and in the same vertical plane with 
PQ. If the angles of elevation of P at C and D arc 6 and 0 
respectively, find the height of the hill. 

In APCD, APCD=i9— a 

and ACPD — 0— 9 
z:PDC=18O°-0 + a 

Now ^5- 

sm (180* — 0-l-a) 

a 

sin (0—^) 

ButinAPCQ., ^ 

PQ, = PC sin^ 



PQ= ^^’sin'(0— a) sin 6 
sin (0 — (?) 

Ex. 5. I’Q, IS a tower, and C .and Dare two points 

‘"‘rr ‘““horizonta: plane with Q, CD making an 

ngleOwuhCQ,. The angles of elevation of P at C and D are 

« and (1 respect. vely. hmd ti.e height of the tower 
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Since the lines CQ,and DQ,are in the horizontal plane 
As CPQ, and DPQ. are rt. angled. 



Let PQ,^^ 

Then cot a and 

DQ, = X cot P 
In the aQCD, we have 
Q.D®=CQ,2-hCD2— 2CQ. CD cos d 

or cot^ €Ol® a-{-a® 

— 2 x 0 . cot a cos By which gives ;r. 

Ex. 6. Let P and Q,be the objects and A and B be two 
accessible points, distance a apart, from which both are visible. 
At A the angles PAB and Q.AB arc observed to be a and 
Also at B the angles PBA and Q,BA arc observed to be y and S. 
If /.PAQ By find a method for finding the distance PQ. 
suitable for logarithmic calculation. 


From 
AP 
AB ■ 

i.e. 


A PAB 
sin PBA 
sin APB 

sin Y 


sin (180*— a+Y) 

. AP--— 

•• sin C«+Y) 

Similarly from AQA^» 
we get 

AQ, _ sin 8 

“AB sin (180-^— S) 

a sin $ 



i.e.y 


sin 


sia (p + S) 


• • 


sin (fi+S) 


Thus in the APAQ, sides AP, AQ.and the included angle 
arc known. Applying Napier’s analogy, PQ^ will be deter- 
mined. 

Note. If P,Q,, B, A are in the same plane* then APAQ^= 
a — p. But in the above example they are not in the same 
plane; hence APAQ,has to be measured separately. 
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Ex, 7. A flagstaff PR on a tower PQ, subtends the same 

angle a at two places A and B, distance a apart in the 
horizontal plane, in a line with the foot of the tower. The 
tower subtends 2.P at A. Find the height of the flagstaff and 
tower. 


Let PR=Ar and PQ, = y 
Since PR subtends Z.a at A 
and B, P R A B is a cyclic 
quadrilateral. 

Z.ARB = ZAPB 

= ZAFQ,-Z.BPQ, 

= (90®-/3) — ^RAB 
= (90"— (a+P) 
=90“-2)9-a. 

T A AR 

In aAPR, 


sm a 
AR 


sin RPA 


and in ^ARB, 


sin RBA 
AR 



sin RBA sin ARB 


I. e. 


sin (90*— 2p-a) 


a sin a 


X = 


I e. 


a sin CL 


sin (90-2p-a cos (2p + a) 
again, ;' = PB cos BPQ, = PB cos (a + p) 
PB fl 


and 


sin p sin (90— 2p— a) 
a sin p cos (a + p) 


i.e. 


cos (2P4'«) 


y=- 


cos {2p+a) 

EXERCISE 32. 

1. The angles of elevation of a building as seen from 

points B and C are respectively 55® and 2.5®, the points B and 
O being at a distance of 100' from one another in a horizontal 
straight line which if produced, could pass through the base 
of the building. Find the height of the building. (P.U.) 

2. The angular elevation of the top of a tower as seen 
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from the top and the bottom of a building 60' high are 50® 
and 75® respectively. Find the height of the tower to the 
nearest foot. U ^ 

3. AB is a straight road leading to C, the foot of a tower. 
A being at a distance of 400 ft. from C and B, 250 ft. nearer. 
If the angle of elevation of the lower at B be double of the 
angle of elevation at A, find the height of the tower and the 
angle of elevation at A. (P. u. 1935) 


4. The angle of elevation of a tower from a point A due 
south of it is and from a point B due east of A is)’. If 
AB = /, show that the height h of the tower is eiven bv 
(cot^^ ><-€012 fP u. 1943) 

. ^ foot of a mountain the elevation of its summit 

IS 45 . Afier ascending one mile towards the mountain up an 
incline of 30 > the elevation is 60^, How high the mountain ? 

(J. & K. U. 1950) 

6. A person walking along the straight hank of a river 

an angle of 

22 48 with the bank. He walks a distance of 400 ft. further 
and observes that the object now makes an angle 69^ 15'. Find 
the breadth of the river, ^ 1936 S) 

A n ^ observed simultaneouly from three places 

A, 13, G lying due west of it on a horizontal straight line passing 
directly underneath ii; AB-220 ft.. BC=100 ft. and the eleva- 
tion at B and C are respectively twice and thrice that at A. 
Calculate the height of the balloon 

8. A vertical tower stands on a horizontal plane and is 
surmounted by a vertical flagstaff of height h. At a point on 
the plane the angle of elevation of the bottom of the t lagstaff 
IS a and that of the top of the flagstaff is [i. Prove that the 

heigh, of the tower is (P. U. 1949 S) 

expression when h=22 ft. a=.30® 5' and 

9. The elevation of a tower from a poiut A due east of 
It IS observed 'o be 45*’ and from a point B due north of A to 
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be 30®. If AB=100 ft., find the height of the tower. 

(D. U. 1952) 

10. A tower subtends an angle a at a point on the same 

level as the f)ot of the tower, and at a second point A ft. 
above the first, the depression of the base of the tower is p. 
Find the height of the tower. fP- U. 1937) 

1 1 . The angles of elevation of two aeroplanes one passing 

vertically over the other are seen by an observer to be 39® 
and 47® respectively. If the height of the lower aeroplane 
above the ground be 4049 ft. find the height of the upper 
aeroplane. (P* U* 1936) 

12. ABCD is a rectangular floor of a hall. A pillar at C 

subtends 18° at A and 30° at B. Find the heigh: of the pillar 
and the length of the room, given AB=48 ft. (M. U.) 

13. The angular elevation of a cliff from a fixed point A 
is Q, and after going up to a distance of k ft. toward the top 
of the cliff at an angle 0, it is found that the angular eleva- 
tion is a, show that the height of the cliff is 

k sin % sin (a — ^) 

sin (a— Q (D. U. 1947) 

14. The angles of elevation of the top of a tower from 

two points distance a and h frprn the base and in the same 

straight line with it arc completnentary. Prove that the 

height of the tower is y/ah and if B be the angle subtended at 
the top of the tower by the line joining the points, then 


. . a—b 

sm e = -^^ 


{P. U. 1948) 


15. A tower is observed from two stations A and B. It 

is found to be north of A and north west of B. B is due east 
of A and distant 100 ft. from it. The elevation of the tower 
as seen from A is the complement of the elevation as seen 
from B. Find the height of the tower. (P. U. 1944) 

16. From a point 100 ft. above the surface of a lake, 

the angular elevation of the peak is found to be 15® and the 
angle of depression of the image of the peak is 30°. Find the 
height of the peak. (P. U. 1940) 
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17. The elevation of a tower due north of a stai ion at A 

IS «, and at a station B due west of A is (5. Prove that its 

AB sin a sin 8 


altitude is 


\/ sin* a-sin* fl 


(D. U. 1956) 


18. An observer on the top of a light house 100 ft. high 
finds the angles of depression of two buoys A and B on the 
sea to be 45“ and 30“ respectively and the angles subtended at 
t e eye to be 62“. Calculate the distance between the buoys. 

fM. U.) 

19. A man in a balloon observes that the angles of denre- 

.r,".. d” ‘'ni'i pS. 

^ ft. high has a mark at a height of 25 ft. 

eou^i distance the two parts subtend 

equal angles at an eye at the height of 5 ft. from the ground 

(D. U 1934) 

21. If in the plane quadrilateral ABCD, ABe*I 93 ft 

ZBAC-=37“, ZCAD = 2I“, ./ABD = 59° and ^CBD-.23“. 
find CD. 

22 . ThestationsA.B, Care in a horizontal line passing 
through the foot of a tower, and the angle of elevation of the 

op of the tower at three points to be 0, 9O“-0, 20 respectively. 

.u prove that fl=2(a + i.) cos 20 and that 

the height of the tower is J v'<3fl^r9ATT/7tl' 

(30“ <0 <45“). 2V(3«+26; (o-^26) 

' (Bom. U.) 

eauil^^era^ f*' stands in the centre of an 

of the fide angle of 60”. Prove that the length 

ot the side of the triangle is 50^6 ft, (P. xj 1944^ 56^ 
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24. From a point 100 ft. above the surface of a lake the 
angular elevation of the peak is found to the IS'’ and the 

angle of depression of the image of the peak is 30^ Find the 

height of the peak. 

25. A statue on the top of a pillar subtends the same 
angle a at distances of 9 and 11 yds. from the pillar. If 
a = find the height of the statue. (P- U.) 


• I 


.CHAPTER XIV 

RADII OF CIRCLES CONNECTED WITH 
A REGULAR POLYGON 

Area of a regular Polygon and a circle. 

Dtf — Regular Polygon By a regular polygon is meant 
a polygon wliich has all its sides equal and .all its 
angles equal. 

From geometry we know that the sum of the exterior 
angles of an n sided regular polygon is equal to 4 rt. Z_s. 

Sum of « interior anglcs4-4 rt. Z_s = 2n rt /_s. 

2n-4 

one interior at'gle= rt. £_s. 

1. To find the radii of the circumscribed and inscribed 
circles of a regular polygon of n sides. 

Let AB be or«e of the sides of the regular polygon and 

let AB=<7. Draw the bisec- 
lor.s of angles A and B and 
let them meet at O, then O 
is the centre of b th the 
incircic and the chcumcircle 
of the polygon. Let r and R 
be their radii. 

Draw OLTAB. 

.Then OA = OB=R and 

r OL= r, . 

Now, since is a chord 

of the ciicumtiircle and 

OL_LAB. 

\ AL=^LB= 2 and ZAOL = Z.BOL=iZAOB 

But the polygon is regular. 
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/. /.AOB =: of the whole angle at O. 


ZA0B= .or^AOL 

ft 


rr 

H 


< . 


Now from ^ AOL, 


AL 

OA 


I 


f - \ 

a/2 


sm— /.e. 




n 

n 


R == 


2 sin 


IT 


O n 

T^cosee — 

2 n 




( 1 ) 




2 tan 


TT 

n 



cot 




2. To find the area of a regoltr polygon of n sides la 
terms of 


(/) the circumradius R. 
(//) the inradios r. 

{in) the side a. 


(P. U. 1955) 
(Ps U. 1953) 


» « 


(0 Let AB be a j>ide of the regular polygon of n sides 
and O the circum-ccntre. 

Then OA=OB=R and /.AOB^ — 

n 

Area of the polygon=rt x area of AAOB 

OA. OB sin ^AOB 


n 


n 
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(|7) Let AB be a side of the regular polygon and O its 


in-centre. Draw OLJ_AB. 

Then OL=r. 

Since OL bisects AB as well as 
/.AOB, therefore AL=i AB and /.AOL 

Area of the polygon 
= /ixarca of ^AOB 

— AB. OL 
= nx AL X OL 



>=n.r tan 




tan 


■n 

a 


{Hi) Let AB (=<i) he a side of (he regular polygon of 
n sides and O the incentre [See fig. for (//)]. 

Draw OLj_AB, then OL bisects AB as well as /.AOB. 
AL=iAB.= -^- 


and ZAOL-=J /AOB=J 



Area of the polygon = n x area of AAOB 
=«xj AB. OL=/i AL. OL 


n X - 


a 


o 


cot 


77 


n 




AL 

OL 


77 

= tan— - 
n 



4 A . 

szi^na- cot 

* n 

Ex. 1. If an equilateral triangle and a regular hexagon 
have the same perimeter, prove that their areas arc 2 : 3. 

(P.U. 1940 S) 

Let each side of the triangle = i7, and that of the 
hexagon — ^ 1 . 
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then . ^ 1=201 

Now arca'nf a regular polygon ofn sides 

JO 


I n 

If 


\ , Area of t rian gle _ 4 3 

S .r* Artfa ofhexagon 6 

tiT' a 


•w H * :.^l 

I.- 

rAni'Zlffi)) 
|r-3o-. 


4 n 


AVT A 


* cot 


w 

6 


( 


(Putting /i»3 and 6) 


3 A * 1 

I ''iVs 


J o 




Ex. 2. Tlic sides of a triangle arc respectively a side of 
a regular pentagon, hexagon and decagon inscribed in a 
circle, prove that the triangle is right-angled'/ * ' 




2 sin 


7T 


i e, a— 2R sin 


w 


n 


n 


Obviously the sides of a pentagon wUI be the longest and 


^2R sin-^ 


= 2R sin 36®=2R V 10~2-v/5 

4 

• rt. ■! i ■ i 

' (*'. ^(j^co8»S6®) 


R V10-2V5 

2 


- i 
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Side of a regular hexagon = 2R sin-|^ =-2R sin 30°=R 


7 T 


= 2R sin IS'' 


and side of a regular decagon =2R sin 

10 

* =2R. 

2'- -• 

Now. (side of hexagon)2+(side of decagon)^ 

= R=+ _R^(V5-1)= 4R^ + R2^fi-9^/R^ 

4 " ‘4 

■, R^(10- 2V5) ^ 

4 =(side of pentagon}^ 

Hence the /\ is right-angled. 

Exercise 33. 

(P. U. 1937) 

ciecle.^finJ're^“',ro;7rira"r:a1""'''''^ ^ ^iven 

. .s. i., ■;?.£; " t*.S,rs'%rfef 

prove that R + r= ^ cot . 

2 2n 

circles of a ^g'ul’a'r' po[ygon°and and inscribed 

polygon of the same area but double the nuXr of'sWes'®"'"' 


-^\/Rr and r's= A / /p, , 

V '2 + (D. u.) 
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sec— 

n 


7T 

n 


IT 

cosec — 
n 


1 and lhat the areas of the polygons 


are in the ratio 1 : cos^ 


TT 


n 


6. The area of a regular polygon of n sides inscribed in 

a circle is to that of the same number of sides circumscribing 
the same circle as 3 : 4, find the value of n. (P. U. 1941) 

7. Show iliat the ratio of the areas of the regular 

octagons circumscribed to, and inscribed in a circle is equal 
to : (V2-1). 

8. The area of a regular inscribed polygon is to that of a 
circumscribing polygon of the same number of sides as 3 : 4, 
Show that the number of sides is 6 

9. The area of a legular polygon of 2/i sides inscribed in 
a circle is a ineatj proportional between the areas of the regular 
inscribed and circumscribed polygons of n sides. 

3. If the circular measure of an acute angle (<90°) be 
B then sin 0, 6 and lan 0 are in ascending order of magnitude. 

(/ e. to prove sin d<B<tan 0) 


Let AOP be any acute angle 
and 0 the number of radians in 
it. 

With O as centre and any 
radius draw a circle cutting 
OP, OA in P and A. Draw 
PM_L0A and produce it to cut 
circle again in Ci- 

Draw the tangent at P and produce it to meet OA 

ir^ V, .Join TQ.and OQ,. 

I he right angled As OPM and OQ.M arc congruent. 

MP==MQ,and arc PA = arc QA. 

Again. Iroin the congruent As OPT and OQ,T, TP=aTQ,. 
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Now assuming that arc PAQ<PT+TQ, we have 
Chord PQ,<arc PQ<PT + TQ, 

.*. 2MP<2 arc PA<2PT 
.*. MP<arc PA<PT 

. MP ^ arc PA ^ PT 

'• OP' ^ OP ^ OP (Dividing by OP) 

I e. sin ^<0<tan 6. 


4 . If 6 be measured io radians, to prove that 
sin 8 


Lt 

e -^0 ® 


-1. 


*.* sin 0<0<{an 0, (when d<. 


2 ^ 


Dividing by sin 0. we get 
]< 




sin B 


cos 6 


or taking reciprocals, 1> cos 0. 

, sin 6 , 

t. e., hcs between 1 and cos B. 

But when 0->0, cos 5->I and therefore-^ 

6 

between I and cos 0 also approaches unity. 

=1. 

B -^0 ^ 


which lies 


Cor 1. If B be measured in radians, Lt — " = 1 


MO ® ^ ® 


T sin ^ 1 

“Lt — ^ — — j 

0->0 ^ ^ 
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• ■ .,i • i 


I t •. i/ H 

Cor. 2. If 6 be measured in. radians then , 

< • 1 tM . ,|/v n .A A 


e 

Sin — 


(/) Lt — = 1 and (/i) ■ ■ i ” 

— /!->» ,-E. , tit 

n ^ n ■ ' 


n-^oo 


I >V 


n 


0 as /i->co 


’i() 


•' { 


k • 


fU 


« r / » 
1 / 


Cor. 3. If 0 is the number of radians in an^ angle' Which 
is very small, then sip B-.Q ^ n ^ 


Ex. 1. Show that Lt n sin 


0 


H'? 


rt->:o 


/I 


6, when B is’ ^given in 


radians. 


0 

Lt n sin — = Lt $=}.$ 

n-^oo n-*co 

n 


. ^ 

0. 


I 


• *; ’i\ I 




Ex. 2 Find Lt --- 

x->0 * 


Here x'^ must be changed into radians 

V I 80 ‘-=t radians 


.V® = 


7T 


180 


X Indians 


j y' 


I 


, SHI X 

Lt =Lt 

a;-*0 ^ .r-j-O 


sin 


ttX 

80 


sin 


= Lt 
^^0 


XTT 

1'30 .. ^ 

1TX 180 

m 


TT 


— • 


180 


5. (a) To prove that the area of a circle' of radios 
R is 77 R». (R U. 1955) 
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Let O be the centre and R the radius of tlic circle 


circumscribing a regular polygon of n sides. 
Let AB be a side of the polygon. Join 


OA and OB. Then /.AOB= — 

Area of the polygon = nx AA.OB 
= n X i OA. OB sin Z.AOB 



R2 sin 


n 



Now let the number of sides of this polygon be increased 
indefinitely, the polygon always remaining regular. Tl»cn 
the polygon tends to coincide with the circle and the differ- 
ence between the area of the polygon and the circle gets 
smaller and smaller and approaches zero. 


• • 


Area of the circlc = Lt. R- sin 


'Itt 

n 


n-^co 


= Lt n 


sin 


00 2 


Ra 


27T 

n ^ _2- 

2Tr n 


n 


sm 


27T 


= Lt TT 


n 


2n 
n 


---■71 1 


(b) Tu prove that the circumfereoce uf a circle of radius 
R is 27r R 

VVe know that the perimeter of a regular polygon oi' /i 
sides in terms of the radius R of the circumcribed ciiclc 

= «. 2R sin ^ ■ 

n 

Now let the number of sides of the polygon be increased 
indefinitely, the polygon always remaining regular. Tnc 


2ld 


i’LAhifi tRlGONdMEtftV 


• • s 


perimeter of the polygon fends to coincide with the circum. 
icrence of the circle. 

Hence the circumference of the circle 


=Lt n 2R sin w//j 

/i->x 

sin nfn 
ir/n 


i ■ 


=Lt. n. 2R 
/i->eo 


n I 

n 


i t / 


=Lt. 2^R. R_ 

n-xxi 

r^.v I f ®*^®”** ^®**'o**. We can also deduce the area of the 
circle from the area of the circumscribed polygon. 

(a) The area of the circumscribed polygon in terms of the 
radius of the inscribed circlc=nr* tan-^ [Art. 2 (/«)] 

ind.fi!!, ‘'1 «des of the polygon bo increased 
ndelinitely, the polygon always remaining regular. Thus the 

““‘I 'h' difference 

»nd ‘I*' polygon and the circle gets smaller 

and smaller and aproaches zero. 


Area of the circIc = Lt. nr^ tan 


/i-^oo 


7T 

n 


tan 


»Lt wr*. 

/ l -+“00 


n 


H 


‘itr 


{b) We know that the perimeter of a regular polygon of 
sides in terms of the radius r of the inscribed circle 

2r tan J • Now let the number of sides of the polygon 
be increased indefinitely, the polygon always remaining regular. 
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Circumference of the circle 


Lt n. 2r tan- 


7T 


/I— >oo 


n 


Lt 2r. 77-. 
n-*-oo 


tan - 

TT 

n 


77 


n 


6 . 


=277r. 1— 27rr. 

To find the area of a sector of a circle. 


Let AB be an arc of a circle, centre O and radius r, and 
let Z.AOB — ^ radians 

, area of the sector AOB_ /^AOB. 0 
area of the circle 277 ^ 277 

Hence tlie area of the sector AOB 

^ 0 
~ 277 

= Jr^0. A 

Cor. 1. The area of a sector=^r*0 = irx rO. 

= i rXarc AB 


X 777“ 



(••• - ) 


= 1 arc ABxradiuSi 
Cor. 2. To 6nd the area of a segment of a circle. 
Area of scgnjcnt APBA~ 

area of scciorAOB — AAOB 
= ir20— i r. r. sin 0 
~\r- {0 — sin 0), 
where 0 is given in radians. 
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EXERCISE 34. i 

1. A chord 18 inches long is placed in a circle of radius 

2.') inches, find (i) the angle subtedded at the eentre. (ii) the 
length ot' the arc, {Hi) the area of the sector and the segment 
respectively. i - (P. U 1935) 

2. Four equal circles of radius « touch each each other, 
show that the area enclosed between them is (4—77). 

3. Three equal circles of radius a touch each other, 

• ^ a / — \ .'t 

show that the area between them is f \/3 — "2 


4. Prove that when 0 is small, 


K f.- 


J 3s 


(/) sin — \-9 -^^^approximately. 


and (ii) cos tf«l — 


e* 


5. Show that (1) Lt 


sm X 


(ii) 


x^B 

I; ' 1 

Lt. sin b$ _ b Lt . tt 

0 -►O sin a0 a n^oo " “ 


10800 
Lt 


6. Find approKimately (/) the value of sin 10' to 6 
places of decimals, and (/i) the value of sin 1® to 5 places of 
decimals. 


7. The perimeter of a sector of circle is 10 ft., if the 
radius of the circle is 3 ft. find the area of the sector. 


8. Euler’s theorem Prove that 

S S B 

sin 0=0 cos -y cos-^coB-g,- ad infinitum 

(P. U. 1940) 

IHint. sin 9,2 .in ±<0.4 =2.2 sin -~co,J-co^ 
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. 0 

Sin cos 



0 

cos 22' 


=2-.si„^. cos-l-cosi 

When rt->oo, Lt, a^sin =9 

.*. sin e^e cos -^cos^j to oo] 

.1 sector of a circle is 20 fr 

.he rad, us of .he circle is f. f,.. find ,he area of the sec, ’ 

(O. n. s. 1958) 


V ' 


J. & K. Universiiy Papers 

* • 

K. U. 195S 

1. (a) Show that the circular measure of an angle equals 
the ratio which the length of the arc of a circle, subtending 
that angle at the centre bears to the radius of the circ.e. 

(6) Find the angle in radians subtended at the centre 
of a circle of radiui; 5 ft. by an arc 1 1 inches long. Convert it 
into degrees and minutes. 

(c) If A is in the fourth quadrant and 

. . 13 sin A+5 Sec A . 

Cos A= find the value of CosiTA 

2 {a) Prove that for all values of 0, 

sin (tt -h 0) = - sin0. Draw four figures. 

{b) Draw the graph of Sin X, as x varies from 0 to 2ff. 
Verify the result obtained in (o) above. 

3. Prove any three of the following — 

1 I _ 

Sec X — tan X Cos x 

1 

Cosx Sccx+tanx 

(6) Sin 17“ 26' Cos 12" 34' + Sin 72“ 24' Sin 12“ 34'=1 

(c) Sin 3 A + Sin 2A— Sin A-* 

^ A ^ 3A 
4 Sin A Cos ^ Cos -y- 

(rf) Sin 18“= 
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^.4 . rss x.-" ,r*'“ 

(/) tan20+cot2^=2 

(/7) S!n^H-V3 Cos^=I 

5. (o) Prove that, in a triangle ABC. 

Sin -A 

2 V be 


V 


{b) Snow that (/) r,= ^ 

s— a 


and(//)-l + ± + _>. = I . 

'’a Tg r 

with the usual notation. 

top i, 30»^:l<f ^ 

level ground the elevation is fs-^ Ki.H ^ towards it on a 

tain in fee, ccrec. to f:ur':ign,fiea';’1gte^‘'^''' 

.r.4>Si‘ncr;rs:"j';rj:"r' 

K. U. 1956 

angj' *how that it is a constant 

quadrant. ^ 2 sin A, find coscc A, A being in the third 

(<^) Prove that sec A— tan A« _co^_ 
o / \ T% 1 4 sin A 

A W By drawing figure, i„ ,everal quadrant,, prove 

al. _ . . # TT \ * 


^ c 

•hat tan +e ^=_cot » 
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S 




• • ' . 

(b) Draw the graph of tan 0, as 0 varies from 6 to 2ii, . * 
Ic) Can you illustrate the formula in (a) fi om the graph ? 
If so, how ? 

3. (n) Prove geometrically that 

cos (A + B) = cos A cos B— sin A sin B, 

(A + B) being in the second quadrant. 

{b) If A + B+Gr=?r, prove that 

(/i) sin 2 A + sin 2 B + sin 2 C=4 sin A sin B sin C 

Or 

[Ui] Prove that 2 tan 50° + tan 20°*^ tan 70 

4. (a) Find the general expressin for all angles having 
the same cosine. 

{b) Solve one of the following equations giving the general 
value of d : — 

* 

(j) sin 0— cos (i— ^^2 

(/i) cosec-0=4 ^ 

5. In any triangle, prOve three of the following 
relations : — 

a b c 


sin A sin B sin C 

(n) r r, r 3 =A“. 

A 

(/j7) r^—s tan 

(iv) 

6. (a) A person standing on the bandit of a river finds 

that the angle of elevation of the top of a chfF on the opposite 
bank is 60°; on going back 100 yds. he finds that the angle of 
elevation is only 30*. Find the height of the top of the cliff 
and breadth of the river. 

(6) Solve the triangle, given that ; 

6=41, c=36. 4 and angle B=42* 27', ,l. 

Can it admit of two solutions ? 



JAMMU AND KASHMIR UNIVERSITY PAPERS 


225 


K. U. 1957 

1. {a) Dc6ne a radian, show that it is a constant angle 
and express it in sexagesimal measure correct to the nearest 
second. 

What is the difference between tt and t radians ? 

(A) If G, D, C be the number of grades, degrees and 
radians in any angle, prove that 

D _ G _20C 
9 10 'it 

2. (w) Piovc that sec“^ “ 1 -J" tan“6 where 8 is any angle. 

(6) Prove the identity (sin at + scc ar)= + (coscc .v-fcos;r)a 
= (l+sec X coscc -y)®. 

(c) Two posts of the same height stand on cither side of 
a road 120 ft. wide; at a point in the road between the posts, 
the elevations of the tops of the pillars are 60® and 30®. Find 
height of the posts and the position of the point. 

3. {a) Prove that for all values of 0, tan (7r-f-0) =:tan 

(i) Draw .he graph of ,an 6 far 0<fl<2,r and find from 

Iane = cTlO 


(c) Prove that tan 0 tan 


4. (a) Ifa+^+Y= , prove that 

tan a tan p + tan p tanv-f-tany tana=I. 

(A) Find the circular functions of 18®. 

(f) Prove that cos 20® cos 40® cos 60® cos 80®=-rV. 


{a) To prove that 


in any AABC, 


, B~G 

tan — 2 - 

B+C 
tan — — 


b~c 

i>-^c 
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sin^ 


(6) If a, bf c are in H. P., prove that sin* 

^ , sin* also >n H. P. 

(c) Solve the equation sin 4 ^=sin 0. 

6. (a) If a5=I82'5, 6=82*5, A=72** 15', solve the triangle. 

(b) Prove the formula R= o f ^ rt * 

' ' 2 sin A 2 sm B 2 sm C 

where R is the circumradius of a triangle ABC. 


K. U. 1958 

1. (a) Show that the length of an arc subtending an 
angle 0 radians at the centre of a circle of radius r, is rO, 

(b) A pendulum 8 ft. long oscillates through an angle of 
9^; what is the length of the path its extremity describes 
between the extreme positions ? 

(c) The angles of a quadrilateral are in A. P. and the 
greatest is double the least; express the least angle in degrees 
and grades. 

2. (a) Construct angles between 0* and 360® whose 
tangent is f and hnd their Secants and Cosecants. 

(6) Prove that (tan ^+scc } 

(c) In a cyclic quadrilateral ABCD, show that : 

Cos A+Cos C = 0 and Cos B-fCos D=0' 

3. (a) Two men A and B, 1360 yds. apart observe an 
aeroplane C at the same instant and find the respective angles 
of elevations to be 45® and 60®. If the plane ABC is vertical, 
find the height of the aeroplane. 

(b) Draw the graphs of tan 6 and cot 0 between d=-0 
and 9=ir and from your graph find the values of 9 which 
satisfy tan 0-=cot 9. 

4. (a) Prove that Cos (A +B) Cos (A— B) = Cos* A — Sin*B 
(6) Prove that Sin 70*— Cos 80°= Cos 40°. 
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(c) Prove that, if A+B + G=I80^ then 
®'".2A+SinJB4-Sin 2C . A R n 
Sin A + Sin B+Sin C 2 “2 

5. (a) Solve Sin 0 fSin 20 + Sin 3fl=0. 


(^) In any triangle ABC, prove that Cos ^ ^ 


aj 

be 


where + c = 

(c) Prove that Sin A + Sin B + Sin 

u + sm ,n any A ABC 

where R is the Circum-radius and a + 

Given Iog 2 = -30103. find .he nu.nber ofdigi.s 
second, ingle's, av’en^llg °i )71 

K. U. 1959 

1. W Prove 'ha. .he radian is n cons.an, angle 

(*) Show that — " _I-f-SinA 

tan A — Scc A4 - 1 ' a 

2. (a) Trace the changes in the sign anrt 

trigonometrical ratios of fn anvfr*°'’"''L ' 
increases from 0® to 360®. ^ ^nglc 

(6) Find a solution of the equation 

3ian0-hcot6»5coscc 0. 

3. (a) Prove geometrically that 

m rfr®^“'^“''GosB + SinAS.., B. 

{ 0 ) rind the expansion of cos 3 A. 

4. (a) In a A ABC if a cos* 4- r cos^ ^ - 36 

2 ~2 2 '* 

that the sides of the triangle are in A. P. 

(o) Prove that 

log.’"= logs" X log, ‘ 


show 
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5. (fl) IfA+B+G=»l80®, Prove that 


Sm*-^+sin^ 2 +sin*-^ 


(b) In a A ABC prove that 


1 — 


A B 
2 Sin -2^*“ ~2 

r* 

Sin 


R = 


2 Sin A 


K. U, 1960 


1. (fl) Prove that (1+cot A+tan A) (sin A cos A) 

Sec A ^ cosec A 

cosec* A Scc^A 

lb) From the top of a cliff, 200 feet high, the angles of 
depression of the top and bottom of a tower are observed to be 
30° and 60° respectively; find the height of the tower. 


2. (o) Prove geometrically that sin (A + B)=sin A cos B 

-1- cos A sin B. 

. sin* A— sin- B 

(b) Show that , ™A-5inB cosB'~'“" 


3 (fl) If A + B+C= 180° then show that 

sin=A + sin'B+sin-C=-2+2 cos A cos B cos C. 

(&) Solve the equation : sin0+3in 70=sin 40 

4. la) Prove that (i) log« ^ ^ )=loga’”— 

(») loga (»!")=« logo"'. 

(6) Show that in any A ABC, cos C— 2^^ 

5. If 6 = \/3, c=l and then solve thcAABC. 

(ii) If r be the radius of the incirclc of the triangle ABC. 
then show that r= where A and ^ denote respectively 

the area and the semi-perimeter of the triangle ABC. 
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K U. 1961 


1. (a) Prove that 


sinA=5 


2 tan A/2 
1+tan® A/2 


and cos A = 


l-tan2 A/2 
l-t-tan^ A 72 


{b) The shadow of a tower standing on a level plane is 
found to be 60 feet longer when the sun’s altitude is 30® than 
when it is_45®. Prove that the height of the tower is 
30 ( 1 + V 3 ) lect. 

2. (a) Prove that sin (A + B) sin (A — 13) = sin'^A — sin-B 

and cos (A + B) cos (A — B)=cos2A-sin2B. 


{b) Show that 1+tan A tan A/2 = tan A cot A/2~l 
=scc A. 


3. (a) If A + B+C=180®, prove that 

tan A/2 tan B/24tan B/2 tan C/2 + tan C/2 tan A/2=l 

(b) Solve the equation sin ^+sin 5d=sin 30. 

4. (a) Having given log 3 = '47712i3, find the number 
of digits in S**. 

(6) In any triangle ABC, prove that 

a sin ( B-C) _ 6 sin (C— A) c sin (A-B) 

62—0® c^— a* a -— 62 

5. (a) Show that in any triangle ABC, 

tan (B-C)/2=-|^cot A/2. 

(6) If Rand r denote respectively the radii of the 
circumcirclc and the incircle of any triangle ABC, prove that 

l/6c+l/ca + l/a6=l/2Rr. 


Delhi Higher Secondary Examination 

Papers 1957 


1. {a) Define a radian. Prove that it is a constant angle. 

(o) A cow is tied to a post by a rope. If the cow moves 
along a circular path always keeping the rope tight, and 
describes 44 feet when it has traced out 72° at the centre, find 
the length of the rope. 

(c) Find the value of sin 18°. 

2. (o) Prove geometrically that 

sin (A— B)==sin A cos B— cos A sin B. 

(b) If tan-^ tan , prove that 

cos 0--C 

cos 0=—i— :>-• 

1— c cos <f> 

(c) Prove that 

\sin A— Sin B/ \cosA— cosB/ 2 

or zero according as n is even or odd. 

3. (fl) Prove that 

(0 loga (m.n)=log, m+log, n. 

(») log„*xIog,yxIog, r=l. 

(b) A spherical balloon whose radius is r feet subtends 
at an observer’s eye an angle a, when the angular elevation of 
the centre is p. Determine the height of the centre of the 
balloon. 

4. In any triangle ABC prove that 

... A . / s(s—a) 

(I) cos 


/cos^c^BV^/si^jin^By^j cot' 
\5in A— SJfi By \cos A— cos B/ 


a) 

be ' 
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(H) a cos A + 6 cos B + ccos C=4R sin A sin B sin C 
(HI) b‘-, c* are in A. P. if 

sin A_sin (A — B) 
sin G sin ' 

[The symbols have their usual meanings.] 
the saL expression for all angles having 

{b) Solve tan -f » ^+tan ^ -0 ^=, 4 . 

(e) Prove that tan 70=ian 20^-f-2 tan 50^ 

6 . {a) Four equal circles each of raHinc /» 

another. Find the area between them. touch one 

(A) If tan 0 . prove that 


c={a-j-b) 


Sin 


cos 0 


= 6=K and G = ^3® 7' a j • i 

33' 54" =9*6989700. -9 9515452. L tan 26° 

Papers 1958 

1. ia) Prove that tife number of radians in an angle 

subtended by an arc of a circle at the centre . 

radius 

(C) Prove tliat cosec'^ 9 + sin* 0 can never be less than 2. 

2 (a) Prove geometrically that 

sin (A+B)=sin A cos B+cos A sin B, 
where A, B and A+B are acute angles. 



232 


PLANE TRIGONOMETRY 


(t) If cos (X+Y)sin (Z + U)^cos (X— Y) sin (Z-U), 
prove that cot X cot Y cot Z = cot U. 

(c) Prove that cos a cos (60®— a) cos (60®+a) = -5 cos 3a. 

3. (a) Draw the graph of tan X between x=0 and x=2'Tr 

and locate on the graph the values of x for tan* x = 3. 


{b) Two stations due south of a tower, which leans 
towards the north, arc at distances fl and 6 from jisfoot;il 
a and jS are the elevations of the top of the tower from these 
stations, prove that its inclination to the horizontal is 

• ( b cot oL—a cot ^ 

X > 


cot 


4. In any triangle ABC, prove that 


(i) tan 


B-C 6-c . 

~2~ b-\-c^^ 


ABC 
(,7) ^= 4 Rrcos - ^ cos ^ "2 


c- • 


/I- 


A2 


a^-~b- . 


(Hi) •' q:; sin 2A + ^ sin 2B+ *-*^sin 2C = 0. 


^2 


[The symbols have their usual meanings.] 

5. (a) Find the general expression for all angles having 
the same tangent. 

(f>) Solve the equation 3 tan 0+cot 6'=5 coscc 6. 

(c) Prove that 7 log„ ^S + 5 log, ^^ + 3 log, 2. 

6. (a) Solve the triangle ABC, when two sides and the 
ancjle opposite to one of ihcni are given. 

{b) The side of a triangle are a, 6, and V a* f feet ; 

find the greatest angle. 

(c) 20 feet is the perimeter of a certain sector of a circle 
of radius 6 feet. Find the area of the sector. 
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Paper 1959 

1. (< 2 ) A wire 121 in, long is bent so as to lie along the 
arc of a circle of radius 180 in. Find in degrees the angle 
subtended at the centre by the arc. 

(b) If an angle contains D® or O'' or c radians, prove that 

(c) If cos 0 - sin fl = -\/2 sin d, prove that 

cos fi-rsin 6~\/2 cos 0 . 

2 . { a ) Prove gcomeirically that 

cos (A + B)=cos A cos E— sin A sin B. 

cos (90®4 e) sec (-6) ta n (180°- 6) ^ 

{b) Simplify:^- (W-tfrs*n^(l80Ve) cot (90°-fl) 

(e) Find the general expression for all the angles which 
have the satne sine. 

3. (ii) Prove that 

(/) cos 4a= 1 —8 cos= *+8 cos* a. 

(h) cos^ A + cos* B- cos® C= I —2 sin A sin B cos C, 

if A-}-B + C=-l80“, 

(h) Find the value of sin 18®. 

4 (fl) Prove that 

(i) logo log„ m 

(ii) logo 6xlog(, a — 1. 

(6) In aAABC, h = c = 42‘9 and A=38® 16', find a, 
B and C. 

5, In a triangle ABC, prove that 

, , • A _ . / ~Js-b) Is—c) 

(a) sin^ .y 

A— B a-b , C 

(i) <an-^- = cot -2 • 

(f) (6*— c*) cot A+(c®— 0 ®) cot B-f (a®— cot C— 0. 
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PLANE TRIGONOMETRY 


6. (a) Prove that 

(0 ('’i+r.) tan =c. 

(//) r=(s-a) tan ^ . 

(The symbols have their usual meanings ) 

in a regular polygon of n sides inscribed 

in a circle of radins R. 

7- (a) Solve the equation 2 (sin^ 0 + cos^ 0)=1. 

[h) If sec (0 + a) J-sec (0_a) = 2 sec (p, prove that 


cos ^ — ^^2 cos 2 • 

(f) There IS a flagstalT/j fret high at the top of a cliff. 
From a point at the loot ot the cliff the angles of elevation of 
Mictop and bottom of the flags.aff are a and ? rcspective v. 

Find the height of the cliff. ^ ' 



Higher Secondary 1961 (J. & K. University) 


Note : — Do questions worth 44 marks Complete questions 
arc to be attempted]. 

1. (a) Prove that a radian is an angle of constant 
magnitude. 

{b) Express 2'2 radian in the Sexagesimal and 
Centesimal Systems. 

2. {a) E.xpress all the circular functions of Q in terms 
of cos d. 


(b) Given that tan B — u when ^ lies in the third 
quadrant, find the other circular functions of 6. 

Or 

{b) Eliminate 6 from a cos 6-\-b sin c =0 

cos 0 + />, sin a -j-Cj — 0 

3. (a) Prove that the logarithm of the product of two 
factors is equal to the sum of the logarithms of the factors. 

(i) If a“4 6* = 7 ab, then log (^-+1 

i (log o+log b) 

4. (a) Solve the equation given that 

log 2 = ‘30I0. 

(6) Given that Log 2 = '3010, find the position of 
the first significant figure in 2“^® 

5. (d) ad is the bisector of /.A of the A A B C, 
meeting B C in D. Prove that 

BD = £ CD= ^ 


Sin C -f-sin B 


. {b) hwi A ABC, if 


cos A 
a 


Prove that the triangle is equilateral. 


sin C + sin b 
cos B __ cos C 
b c 


t»LANfe TRIGONOMETRY 


5. (a) A circle with radius R passes through the 

vertices A, B and C of the A ABC. Find the value of R. 

. „ _ Product of sides 
{b) Prove that the A ABC— 

Or 

{b) At a point 200 ft. from the base of a tower 
which stands on a horizontal plane* the angle of elevation of 
the top is 60®. Find the length of the tower. 


ANSWERS. 


Ex. 1. Page 8. 

(0 first (») Second (Hi) Third. 


2. 

(0 108* 

(ii) 126° 

(m) 

315° 




- ^ 7T 

Stt 


ly-jr 


47^7 

3. 

(.) ,2 

(“) JO 

(Hi) ■ 

48 

(iV) 

75 

A 

5tt 

TT IOtT 






~36 ' 

3 ' 36 





6. 

114* 32 

' wr- 



• 


7. 

s radians or 34'4* 

nearly. 



8. 

5i ft. 






9 

U% ft. 

10. 

•238737 

miles 

nearlv 

U. 

34' 43' 

nearly. 


12. 

2-86° 



Ex. 2. Page 15. 

2 

25. (ax^by)^-\‘ibx‘^ = b-)^ 26. ~ \ 


Ex. 3. Page 21. 


1. (i) positive (ii) negative (Hi) negative (/v) positive 

(v) negative. 

2. sin 0=^^1 _-co 82G, tan (/— ± ' ^ 

li cos 0 .1 

cot 0.= sec . 

zt \/ 1 — cos^ 


cosec 0 — 


i V I — cos^ 



ANSWERS 


• /I ± V SCC^^— 1 I 

sec B see V 


I 


tan fl = ± v/ scc»e- 1 > cot 9= 

. see 6 

cos'c»-±V,ec^-9rT-’ 

4. cotA=-75, co.ee A= 5. 1 ^ 

6. (/) Yes (n) no (/») Yes {iv) no (v) Yes. 

7. For one value only. 8. No. 

11. (f) Second. (n) Fourth. 

12. First and third quadrants, sin ^ = ±i, cos 0 = 


cot U=:-\/3, sec 6=- cosec d=^±\/2 


13. sin B 


13. 


H 


= ± V 6 ’ 


COS B=±-\., tan $=±x/5 

v/e 


cot (?= i sec 6= i\/6, cosccO=±^^ 


14. 

X \/5. 

15 

. 14,7. 

16. 



Ex. 

4. Page 28. 


6. 

1. 7. 1 

8. Zero 

9. Zero. 

2V2 

11. 

30" 12 

. 60® 13. 

90® or 30“ 

14. 30® 


or cot"* 

(-2v'3). 



15. 

45% 15® 

16. 52i® 

'and7i® 18. 

(/)2VS. (H 



Ex. 

5. Page 42. 


1. 

— 1 
v2’ 

V3 I _ 
2 ’ ' 

2 7. (/)-!. 

(») 1. 


(i) 30% 330® {/7) 240% 300% (m) 60®, 300 
(iv) 45% 135® (V) 135% 315®. 


tr. 


ANSWERS 


1 . 

3. 

7. 

10 . 

14. 

I. 

5. 

8 . 
II. 

13. 

18. 

21 . 

22 . 

17 . 


I. 

4. 



Ex. 6. Page 62. 

*57, -91 nearly 2. About ±37®, about 124® 
About±44®.± 136®, 5. About 63® 

(/) 30®. 210®; 150®, 330®; (//) 45®. 225®; 135®. 315® 

0®, '26 radians (i. 15®). 12. — . 

4 4 

*73 radians (/. e. 42®) 


Ex. 7. Page 68. 

50 ft. 2. 75v'3 yds. 3. llS'Sft. 4. 42 3 ft. 
80 ft , 20 n/ 3 ft. 6. 224 ft. 7. 100 (■y/3±l)fi. 
100 (3 + V3) ft. 9. 20 V3 ft. 10. 4'2 ft. 

819*6 ft. 12. 34 64 ft. and 20 ft. 

160 , 

:^ft. 15.30® 17. 1385 6 ft., 1385*6 ft. 

216*5 ft, 19. 42 ft. nearly. 20. 133^. 

height. =50^3, Brcadth^SO 

ht.=^30y'3; the pt. is 30 ft. from one end. 

Cx. 8. Page 80. 

2499 -100 5 

’2501 ' 2561 

Ex. 9, Page 85. 

cos A cos B cos c±sin B sin C cos A 
—sin C sin A cos B+sin A sin B cos C. 

2 CO, . 2. 

(/•) 2 0+ g ). (;7) V2 ,in( 9+ " ) 

Ex, 10. Page 88. 

9 r J 24_ ,, 120—119 . 8 15 8 

49^* 25’ 25 irTT' lS'* 


1 . 


ANSWERS 


(iv) 


5. 

1 ^ 22 a 23 

125' 125 ^ 

16 cos ®A— 20 cos®A+5 cos 


Ex. 11. 

Page 92. 

1 . 

(i) ^/5 — \, {it) V5+I. 


Ex. 13. 

Page 100. 

1 . 

v/3-1 VS+l 

2 V3-1. 

2 V 2 ' 2 V 2 

v3+l 

3. 

V3-1 ^3+1 

2 v/2 2 V 2 


5. 

v' 2 --v/ 2 +v 2 +V 2 \/2-V2— V24 V 2 

2 V 2 2 -V /2 

6 . 

A 3 . A 

tanA=-y', 3 >n —g 

3 A 7 

“^58**"°* 2 “^V58 

8 . 

3it j Sir q 

4 ^ 9. 

16 co 5 ®tf — 20 cos®^+5 cos 6 


Ex. 14. 

Page 105. 

1 . 

sin 3A -f sin A 

2 . cos 6 x-f cos 

3. 

cos 2A— cos 4A 

4 . sin 3a:— sin x. 

5. 

2 sin 4A cos 2A. 

6 . —2 sin 2A sin A. 

7. 

- lx . X 

2 cos -g- sin-g 

8 . 2 sin -“sin-^* 

9. 

_ 7x . 3 a: 

—2 cos-^ sin • 

10* 2 cos 2.V cos a: 


Ex. 16. 

Page 120. 

1 . 

(/) /iti-hl-l)'’ 

(/i) 2 /i 5 T± {iii)niT-\-- 


ANSWERS 


(v) 


4. 


5. 


7. 


9. 


11 . 


(IV) 2/i7r± 

27r 

3 

(v) 2mT± 

(w7) HTT^h - 

IT 

T 

(viii) n-TTi g 

(() 20^4- 

TT 

4 

(») 2n77± > 

n7r + (-)" 

TT 

~e 

or /ITT— ( — I 

2«.± -f- 



2..± ^ ■ 

6. 2/l7r or 2 /iw4; ■ 

2r,.± f 

8 

«^ + (- ir'J' 

nrr-^ — r 

4 


10 2nTT± 2 


77 


(Hi) 2«7r4- 


2 ^t 


, 7T 7T 

htt-t ■ ^ or nrr— — _ 

o o 


12 . 


TT 


13 . niT 


T + a where *=cfis' * A / — - 

V a- 


-b 
b 


14. n7r± 


15 


6m — 4/1 , IT , 2Tt 

15. -t — - ^ Tri -jqX 

6ff— 4/n , IT , TT 

3 


Ex. 17. P*ge 124. 


1 . 


4. 


/. 


TT 

6 


2n7r±-^ +-J 2. 2/l/r + -^- 3. 2n7r or 2//7r+ ^ 


2//7T+ ~ 5. /I1T+( 1)"-^'+ I 6. 2«7r— ^ 


2^7 

2nwH — g— , 2/iTr 


8 . 


6 4 

/MT 




■ 4 ^ ^ 


(vi) 


AMSWB^a 


9. 

II. 

13. 

14. 

16. 

17. 

18. 

19. 
22 . 
24. 

20 . 

1 . 

18. 

21 . 


HIT 


9-(~l)"(10) 


*0. 2^ (4n-i-\) ot{4rt^\)~ 


r («+^) 


12 . 


m—n 


(2'M-I) 


f* or /i77+(— 1)« 


2 0r2n^i - 15. or n^+ or 2/i7r- f 
(2n+l) -or (2n+}) or (2/1+1) 

2/;.+ 

//TT or n7r+~^-or nir-^ tan~^ * 

^ \/2 

3 2//7r or 2/I7T+ 21. 2/*'n'or2mr+ -]T- 


2 /^ 7 / ± ~or2mT 


niT 2n7T , -n 

"4 - 3 +'9' 


f 23. f +(-!)•(+ ,^) 


? =! 


Ex. 20. Page 141 


Ex. 21. Page 144. 


IO-v/3 2. 84 3. 108 4. 18 5. 36(3--x/3) 

Ex. 22. Page 156. ' 


19 o 

Vll 2 

856-6 sq. units 22. 169*2 


20. 78-56 ft. nearly 


28. -12, 16, 20, 


ANSWERS 


(vii) 


Ex 23. Page 167. 

1. (a) {ij 3 ((■() 3 (m) — I (/v) — 3 (v) — 6. 

(b) fi) 8 {//;■ I uii) I 

2. 9317, 2-9317, >9317 

4. (/■) 8060 {Hi 3-3980 {///} ■3-5820 

3. 30, the 16ili. 6. 7 digits 7. (/) I*jy ^//j 3 32 
10- (0 --'97 nearly (n) 28 48 nearly. 

Ex 24 Page 171. 

1. {/) I'662I (nj 2-9671 {Hi) -2157 

2. 3M'12 (//) 123-9 (i/V) *02709 

3. (I) 3-892 (//) -0009342 (in) 49-84 nearly (,-,■) 03058 

4. 3-033 5. 2-6 

Ex. 25. Page 177. 

•- (0 -7911 (/7) -8407 {Hi) — 2-9266 (v) -6569 

2. (0 J-8394 {ii) 1-4793 

3. (n 16° 3' (//) 43° 16' 4. (/) 29° 37' (H) 21" 3' 

5. i 6662. T6663 

6. 23° 18' 40" 7. -6506 8. 9-6356, 9*9980 

9. 1-46 (j) —*2540, - -7604 (ii) 67° 23' 

12. 2n7r 4-306° 52' nearly 

Ex. 26. Page 180. 

I. 6=4.40° 41', c--=41-28, A = 49° 19' 

2 A-16°46', B = 73° 14', 5=788*3 

3. B.=.82° 17',7f = 12*77, 12*89 

4. a=16 44, H = 56° 38', /. = 24-98 

5. 263.77 


(viii) 


ANSWERS 


6. fl=9*367, A*43’56', B^46M' 

7. (i=5-126, c=8-I70, B=5!® 8' 

8. fl- 12*88, c==29*91, A^25“ 30' 

Ex 27. Page 183. 

1. A=49° 28'. B=58° 46/ C=7r 46' 

2. A=76“6', B=73‘’54', C=30° 

3. A =87° 20', B=x30° 24', G=62° 16' 

4. A=37° 30', B=53° 32', C=88° 58' 

5. C=132“35' 

6. A=60° !0' 

7. (i) 132° 34' (iV) 130° 42' 40' 8. >3° 23' 34* 

9. A=33° 40', B= 101° 56' 48'. G=44° 23' 12' 

11. 104° 29' to the nearest iiiiiiutc. 

12. A = 60° 10', B-=28°8', C=91°42' 

Ex 28 Page 187. 

1. B=120°. C = 30%fl=l. 

2. A=105°. B=15°, c='v/6. 

3. B=106° 16', C=36° 52'. a=5 

4. B=97° 30', C=35°30'. fl=i8-5l 

5. A = 37° 18', B<=9i°54'. c=27*33 

6. 105° 48'. 32° 32' nearly. 

7. 70° 53' 36'. 49° 6' 24', 

3. 70° 53' 37'. 49° 6' 23'. 

9. 51° 12' 26'. 10. 70° 32' 46' and 34° 27' 14'. 

11. B= 15° 6' 20'. C= 127° 53' 40' 

Ex. 29. Page 189. 


I. C = 47°, 6=123'2, c=U2*8 



ANSWERS 


(ix) 

2. A = 59" 30', i=6I-5I, c=32-51 

3. A = 42" 54'. 6=25 06, ^=26 54 

4. C=65" 45', 6=22*66, c = 2l*63 

5. G=42“ 54', 0=663-4, 6---624, 

6. 20-98. 

Ex. 30. Page 194. 

1. (i) €, = 58* 57', A, =87'* 48', o, = 29-16 

(II) C2=I2r 3', A3=25" 42', 02=12-64. 

2. No solution. 

3. B| = 51'» 20'. C|=98" 19' Ci = 21'54. 

Ba = l28* 40', C2=20" 50'. €^^7-796, 

4. B = 6r24'. C=48^21', 6 = 405.8. 

5. B = 25“ 30', C = 82” 15', c=!90. 

6. (I) Ai = 49'’ 37', Bi = 87“ 56', 6 , = 1800 
(ii) A2 = !30^ 23', B2 = 7* 10', 63=1348 

7. 39® 3.5' 10", 28° 20' 50" 

8. (0 No, Vc sin A=fl (ii) No, *.* a not less than r. 

9. Bi=48° 35' 25". 24 35". 

Ci = I01® 24' 35". 03=18° 35' 25". 

10. 70° 0' 56' or 109° 59' 4". 

Ex. 31. Page 199. 

5. one two, none. 

Ex. 32. Page 204. 

1. 69 23 fi. 2. 88-16 (t. 3. 200 fi., 26° 34' nearly 
5. 1-366 miles 6. 200 fi. 7. 175-9 ft. 8. 49 06 ft. 

9. 50v^2 yds* 10. h tan a cot (i 11. 5362 ft. 


- (X) 


ANSWERS 


12. 18 87 ft., 32'68ft. , 15. 100^2 '-vie. 273‘2 ft 
18. 183 ft. <19. i'43 miles 

20. 163 ft. t‘ 21. 80-46 - 24:* 27^2 ft. 25.2 yds. 

Ex. 33. Page 213. 

1. 6-1554 in., 6:472 in.. 123*108 sq. in. 

2. 4-2v^2 6. «=6. 

Ex. 34. Page 220. 

1. 42“ 12', 18-42, 230-25 sq. in., 20-35 sq. in 

6. \i) 648U0 *01745 7. 6 sq. ft. 

9 24 

K. U. 1955. 

1- radians ; 10“ 30' (c) 

4.(6) (0 WTTi 

• » ♦ 

(/i) 2/Iir'i 

V o 

6. (a) 3605-712 ft. 

(6) 130“ 42' 40'. 

^Hlnt. Use tai? 

K. U. 1956. 

1. (6) coscc A— ± v''5. 

4. (6) (/) 6 + 4 



ANSWERS 

* 

6- (a) 50\/3 yds; and 50 yds. 
(6) only one solution. 

(r) C-.36M9'. A-IOOM4' 
<7 = 59.69. 


K. U. 1957. 


2. 

5. (r) 0 ^ 

6. 


(c) 30/3; 30 ft, from one end. 

/in - 


(a)B^25^ 30'. C^82° IS'.r^igo, 

K. V. 1958. 


>■ (*)i^Art. (r) GO^ ; gg;;". 

3. (fl) 680 (3d;\/3). 450^ 1330^ 

27 r 


3 , (a) knn, 2rn±i 

6. (a) 7. 


3 


(/>) 70° 0' 56* or 109° 59' 4 


K. U. 1959 


2 . (/>) 2 «,r ± y 

• J 


K. U. 1960 

*• (*J 133^ ft. 3. 

5. B=120°. C = 30°. 


2/ln , n 

4 3 9 


K. U. 1961 




3 . (i) 


Htt 


or nir dr 4. (a) thirty 


(xi) 


3 


(xii) 


ANSVV^&S 


Dehli Higher Secondary 1957 


1. (6) 35 ft. 3. [b) T cosec sin P 


•n' 


6. (fl) a*(4— ir) 


5. {b) n-n ± - g 

6. (*) 2*5298233 nearly. 

D. H. S. 1958 

, 27r TT ^TT , - tr 

'• 9 ■ -3“’ 9" T 


3tT . 277 


Sir 

3 


77 


5, {h) 2n7T ± 6. (b) 120' 


6. Ir) 24 sq. ft 


D. H. S. 1959 


1 . 

4. 

7. 


((1)38" 30'. 2. (A)-l. 

(6) a==27 06, B = 62" 38' nearly, C.-= 79" 6' nearly. 

'«) 


HTT , 7T m , X b COS a sin p 

± 7. (f) 


Higher Secondary 1961 (J. & K. L'.) 


1 . {b) 126", 140^' 2. {h) sin e = 


V 29 


5 n 5 . ^/29 

cos 0^ , — t cot 8= - . cost'^ > 
29 2 9 


ft n/ 29 
sec 0 =-• _ — 

3 


or 


2. (6) (bcj — bxc)*+(cai— Cia)*=(abi— ajb)* 

291 


4. (a) AT -I 2097 

5. (b) 200 V T ft. 


(6) (lOth. 


TABLES OF LOCARITHMS 


LOGARITHMS 






0000I0043 


0414 0453 


12 110793 1 0838 


13 >139(1173 


14 II 1461 1 1492 




5 ( 1 1761 (1790 


16 II 2 




2068 


17 2304 2330 


2577 


2 S 10 


3032 

3243 

3444 
3<'>36 
3820 

3997 
4166 
♦330 
4487 

24 4039 

30 4771 47 S 0 

31 ; 49 l 4 40 rS 

32 
83 

34 

35 

30 i 55 hj 

37 ; 5082 

38 l 57'48 
89 5911 

40 6o2J 

41 6128 
-IS 16232 
*3 16335 

■ ** 6435 

45 6532 
49 6628 

47 

48 

49 


0128 0170 

0212 0253 

0492 ] 053 I 0569 

I 0607 064 s 

OS 64 OS 99 0934 

0969 1 004 

1206 1239 1271 

USI 1335 

*523 >553 1584 

1614 1644 

1818 1847 >875 

1903 I 93 > 

=095 2122 2148 

217 s 2201 

2355 2380 2405 

2 ^ 2455 

2601 2625 2048 
. 1^72 2695 

2833 2856 2^ ■ 

2900 2923 


3 m 8 3139 

3324 3345 
35*2 3541 
^ , J 7 >> 3729 

3 S 56 jS ,4 3892 3909 

3 > 4048 4065 4082 
?oo 4216 4232)4249 
434 <) 4362 4378 4393 
^ 45'8 4533 4548 
4054 46 O 9 46 S 3 469 S 

4800 4 S 14 4829 4843 
4069 49 S 3 
5105 SIIQ 

5237 I 5250 



9 12 


0374 


0682)0719 07 


1038 


>399 


> 673 M 703 



2480 


3 

2 


J4S 12 
755 


37 n 
iio6 3710 


3 '^ 


1732 


30 9 
201-4 [ 36 8 

3 0 8 
35 8 
35 8 
2529 3 5 8 



2718)2742 276 ; 


*945 2 


, 3 > 8 i 

5)3385 

3579 

3766 

3945 

.. 4116 
265 4281 
42s 4440 

579 4594 
28 



3201 

3404 

3598 

3784 

3962 

4 J 33 

4208 

4456 

4600 

4757 


1^4 18 21 

U >7 20 


13 16 19 
13 16 19 


2 15 19 
2 


2023 26 

10 22 25 


J I 14 )6 149 22 24 
lo 13 ?b ;i8 21 23 


8 20 23 
7 20 22 


0 1 1 13 
8 M 13 


I IJ 15 17 >9 
0 17 14 16 18 
O 12 14 15 17 
7 911 >3 >5 17 
7 9 >> 12 14 16 


5360 j 5 j 78 

5400 5502 
5011 5623 
5720^5740 
.‘ 843 . 5855 

5655 5906 


5 

617 o' 6 iSo 6191 
6274 '0284 6204 
6375,6385 6395 
6474 64 S 4 6493 

6571 165 S 0 6590 
666 ( 1 '6075 6684 

6758(6707 6776 
6 S 30 6 S 4 S; 6 S 57 6866(68 
692 S 6937 6946 6955 6 


4886 

5024 

5 5 « 5 Q 

6 528 Q 

3 54>6 

5539 
565 S 


588 


5 68 

'6 


66i8 

6712 

16803 

6803 

6981 


>3 4 

> 3 4 

> 3 4 

> 3 4 
*3 4 

1 2 4 

1 2 4 

2 3 

2 3 
2 3 

2 3 
2 3 
* 3 

2 3 

2 3 
2 3 
» 3 


7 o JO 
7810 
6 8 o 
689 
6 7 0 

' 6 7 o| 
6 7 S 
5 7 S 
568 
568 

567 

S 6 7 
5 6 7 
S 6 7 
4 5 7 
456 

4 *5 6 

4 5 6 
456 
456 

4 5 6 

•; 5 6 

4 5 5 
4 4 5 


5 


12 14 15 
n 13 IS 
II 13 14 
111214 
10 i: >3 

10 1 1 13 
1011 12 

' 9 1 1 12 
910121 
9 >0 It 

9 >0 II 
8 io II 
8 q 10 
8 9 10 
8 9 to 

8 9 10 
789 
7 S 9 
7 8 9 
7 8 9 
789 

7 7 fi 
6 7 8 
678 
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